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ABSTRACT

The discovery of quantum topology in condensed matter systems created new paths in the
fundamental sciences and potential technological applications. In this regard, the Kagome
systems have attracted much research interest due to their ability to host several exotic quan-
tum phases such as Weyl and Dirac fermions, flat bands, Skyrmion lattice, anomalous and
topological Hall effects, and frustrated magnetism. The Kagome lattice has a unique struc-
ture with hexagons and triangles, leading to geometrical frustration. This Ph.D. thesis aims
to design, synthesize, and characterize various Kagome lattice systems in their single crys-
talline phase. Importantly, this thesis discusses various exotic quantum phases of the fasci-
nating Kagome systems.

We have grown high-quality single crystals of various Kagome systems and studied their
structural properties systematically to know the phase purity of the as-grown single crystals.
Having established the crystal structure, we studied the physical properties like the electrical
and magneto-transport properties, magnetic properties, and electronic band structure. For
instance, Mn3Sn, a non-collinear antiferromagnet hosting Weyl fermions, shows a large in-
trinsic out-of-plane anomalous Hall effect (AHE). In this study, for the first time, in addition
to the out-of-plane AHE, we also uncover a large in-plane topological Hall effect (THE) in
Mn3Sn at room temperature, which is gradually suppressed by Fe doping at the Mn site of
Mn3�xFexSn. With the doping of Fe atoms, we see a significant change in the magnetic and
electrical transport properties of pristine Mn3Sn. The easy magnetization axis shifts from
the crystallographic ab-plane to the c-axis with Fe doping. The Fe doping generates huge co-
ercivity in the low-temperature region, converting the AFM system into a low-temperature
ferromagnet. Further, the observation of significant THE at a low temperature induced by
Fe doping suggests the presence of a Skyrmion lattice. Upon completely replacing the Mn
with Fe, i.e., Fe3Sn is an in-plane ferromagnet with very high magneto-crystalline anisotropy
(1.02 � 106 J/m3). Unlike in Mn3Sn, in which AHE is of the intrinsic type, the anomalous
Hall signal in Fe3Sn has intrinsic and extrinsic Hall contributions. The intrinsic Hall con-
tribution arises from the k-space Berry curvature. The extrinsic Hall contribution comes
from the skew-scattering, which decays quadratically with increasing temperature due to
electron-phonon scatterings. We have also studied the rare-earth-based Kagome magnet
HoMn6Ge6. Temperature-dependent electrical resistivity demonstrates various magnetic-
transition-driven anomalies. A crossover from negative to positive magnetoresistance (MR)
is observed. While the linear nonsaturating positive MR exists in the low-temperature re-
gion are mainly driven by the linear Dirac-like band dispersions as predicted by the first-
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principles calculations, the negative MR observed in the high-temperature region is due to
the spin-flop type magnetic transition. Consistent with anisotropic Fermi surface topology
as observed from the density functional theory calculations, we find anisotropic magnetore-
sistance at low temperatures. A significant anomalous Hall effect has been noticed at high
temperatures in addition to a switching of the dominant charge carrier from electron to hole
at around 220K.
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র‍ূপেরখা

4DUHʉ@ EBSAÁ TOZǰZIʓ Ȁ1ScSưSI ;ZESLȪ8K &TGǤSK ȀI`ȪL1 TGÀSD -G# OǊSGĈ Ğʔ
JVȪŝ3@ %ĈSTƺZ1MDȂȪLZ@ D@ʈD EA ȁ@TK 1ZKZ7ʿ -' TGNZcʓ 1SZ3SI 3<DȂȪL ȀGM T17ʆ
ȀKSI"S61K Ȁ1ScSưSI EJÁSc ȀJID /Zc'L -G# T=KS1 FSTIÁcDʓ ƽĈS; GĈSƧʓ ǭS'KTIcD
8SȪLʓ %őSHSTG1 -G# ;ZESLȪ81SL PL 'ZFś -G# P@SM 6ʈŋ1ł %űU1SK 1KSK ¿I@SK
1SKZ? 3ZGN?SK&ċPZ1&1NÁ? 1ZKZ7ʿ 1SZ3SI 8SȪLZ@ NaHʈ8 -G# TęHʈ8 OP -1Ɇ
%DDĈ 1S<SZIS KZcZ7ʓ JS 8ĈSTIT@1 P@SMSK TBZ1 ETK6SȪL@ 1ZKʿ -' TE-'6ʕT=ʕ TATOʔ
ȀOK L¿Ĉ @SZBK -11ǶɆ1 EJÁSZc TGTHƫ 1SZ3SI 8SȪL TOZǰZIK D1MSʓ O#ZǣN? -G#
ȁGTMǥĈ EJÁZG¿? -G#&ZLS6DS 1KSʿ ȂȄłEW?ÁHSZGʓ -' TATOOɆ1SZ3SI TOZǰZIK TGTHƫ
ȀKSI"S61K Ȁ1ScSưSI EJÁScȂȪL TDZc &ZLS6DS 1ZKʿ

&IKS TGTHƫ 1SZ3SI TOZǰZIK )ŵʔISZDK -11 ȪĉǰSL ȁ@TK 1ZKT7 -G# @SZBK 3<ʔ
D3@ ȁGTMǥĈȂȪLZ1EƜT@3@HSZG%CĈcD1ZKT7 JSZ@ ȀGZa/<S-11 ȪĉǰSLȂȪLK3<D
TGȆƜ@S8SDS JScʿ ȪĉǰSL1S<SZIS ĞT@ǦS1KSKEZKʓ&IKS ȁGBVĈT@1-G# 6ʈŋ1ʔETKGPD
ȁGTMǥĈʓ Ȁ6`ŋ1Uc ȁGTMǥĈ -G# 'ZL1ĔTD1 GĈSƧ 1S<SZISK IZ@S ȀH`@ ȁGTMǥĈȂȪL %CĈcD
1ZKT7ʿ )BSPK?őȜEʓ Mn3Sn, -1Ɇ DDʔȀ1SȪLTDcSK %ĈSTưZFZKSIĈS3ZD; OP /Zc'L
FSTIÁcDʓ -1Ɇ GXP_ %HĈƣKU? &);ʔ%FʔȀƺD %ĈSZDSISLSO PL ĞHSG(Anomalous Hall
Effect) ȀB2Scʿ -' 3ZGN?Scʓ ĞAIGSZKK IZ@Sʓ ȀƺZDK GS'ZKK AHE 7SaS/ʓ &IKS 4ZKK
@SEISęScMn3Snʔ- -1Ɇ GXP_ 'DʔȀƺD ;ZESLȪ81SL PL 'ZFś (Topological Hall Effect)
)ZƬS6D 1ZKT7ʓ JS CUZK CUZK Mn ʔ- Fe Ȁ=STE# ńSKS BID 1KS Pcʿ Mn3�xFexSn -K OSʔ
';ʿ Fe EKIS?VK Ȁ=STE#ZcK OSZAʓ&IKS&TBMn3Sn -K Ȁ6`ŋ1Uc -G# ȁGBVĈT@1ETKGPD
ȁGTMZǥĈ -1Ɇ )ZǛ2ZJS3Ĉ ETKG@Á D ȀB2Z@ ES'ʿ OP8 Ȁ6`ŋ1Uc1K? %¿ʔȀ1 Ȁ=STE# ńSKS
ȪĉǰSZLSċSȪF1 ab- @L ȀAZ1 c- %Z¿ ǳSDSƣTK@ Pcʿ Fe Ȁ=STE# TDǇʔ@SEISęS %žZL
TGMSL ĞHSG ȁ@TK 1ZKʓ%ĈSTưZFZKSIĈS3ZD; TOZǰIZ1 -1Ɇ TDǇʔ@SEISęSK ȀFZKSIĈS3ʔ
ȀDZ; ȜESƣTK@ 1ZKʿ &K/ʓ ȀL`P Ȁ=STE# ńSKS ĞZKST6@ TDǇ @SEISęSc )ZǛ2ZJS3Ĉ THE
-K EJÁZG¿? -1Ɇ ǭS'KTIcD 8SȪLK )EȪǳT@ TDZBÁM 1ZKʿ Mn Ȁ1 OǈW?ÁHSZG Fe TBʔ
Ȁc ĞT@ǳSED 1KSK EKʓ %AÁS_ʓ Fe3Sn PL -1Ɇ %HĈƣKU? ȀFZKSIĈS3ZD; JSK 2VG )ŵ
6ʈŋ1ʔȪĉǰSLS'D %ĈSTDZOSĔTE (1.02 � 106 J/m3) ʿ Mn3Sn -K TGEKUZ@ʓ ȀJ2SZD AHE
%HĈƣKU? Ğ1SZKKʓ Fe3Sn- - %őSHSTG1 PL O#Z1Z@K %ƣTDÁTP@ -G# GTPIVÁ2U PL %Gʔ
BSD KZcZ7ʿ %ƣTDÁTP@ PL %GBSD Ȁ1ʔȀǵO ȀGTK Gĉ@S ȀAZ1 )ƞɔ@ Pcʿ GTPIVÁ2U PZLK
%GBSD ǭɋ ʔǭĈS;STK# ȀAZ1 &ZOʓ JS 'ZL1ĔDʔȀFSDD TGŶʆKZ?K 1SKZ? ĉIGCÁISD @SEISʔ
ęSK OSZA Tń4S@HSZG ¿cĞSƸ Pcʿ &IKS TGKLʔEXTAGUʔTHȪƑ1 1SZ3SI 6ʈŋ1 HoMn6Ge6

/ %CĈcD 1ZKT7ʿ @SEISęSʔTDHÁ K ȁGBVĈT@1 ĞT@ZKSC ¿I@S TGTHƫ Ȁ6`ŋ1ʔETKG@Á Dʔ6SȪL@
%őSHSTG1@S ĞBMÁD 1ZKʿ ȀDT@GS61 ȀAZ1 EȪ8ɆH IĈS3ZDZ;SZKTOǰĈSƭ EJÁƣ -1ɆOIʔ
ŋc ETKLȪ¿@ Pcʿ JTB/ TDǇʔ@SEISęS %žZL ȁKT21 %O#EXŝ EȪ8ɆH IĈS3ZDZ;SZKTOʔ
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Chapter 1

Introduction

Symmetry, a natural phenomenon governing the fundamental principles of physics explained
by the phenomenological Ginzburg-Landau theory [1, 2]. Until the 1980s, this theory suc-
cessfully elucidated various phases transitions in condensed matter by studying the local or-
dering parameters. Phase transitions were defined through the minimization of Landau free
energy under external changes like temperature, pressure, and magnetic field. However, the
discovery of integer quantum Hall effect (IQHE) in 1980 [3] and fractional quantum Hall
effect (FQHE) in 1982 [4] first illuminated the experimental realizations of the quantum
phases without breaking any local symmetry. In Quantum Hall Effect (QHE) experiment, a
2D electron gas system exhibit quantized plateaus in Hall conductance and protected con-
ducting edge states called as topological phases. These topological phases are based on
the breaking time-reversal symmetry (TRS), long-range order, or global symmetry of mat-
ter [2]. The global symmetry of matter is constructed through the introduction of quantum
superposition or long-range entanglement of interacting particles [1, 2]. The evolution of
various topological phases, such as 2D topological insulator (2005) [5], 3D topological in-
sulator (2007) [6, 7], Dirac semimetal (2014) [8, 9], and Weyl semimetal (2015) [10, 11],
showcased the versatility of this research interests. These phases could originate either ex-
trinsically through the disorder-mediated scattering or intrinsically via the spin-dependent
band structure of matter.

Distinct topological invariants manifest different topological phases. Quantum Hall or
Chern insulator phases defined by the Thouless-Kohmoto-Nightingale-Njis (TKNN) num-
ber or Chern number [12, 13]. In contrast, topological insulator and semimetal phases are
represented by the topological invariant Z2 index, calculated from the Berry curvature in
the momentum space [12, 13].

Topological quantum computation, in which the data encoding has to be error-free, re-
quires an appropriate topological material. So far, many systems have been proposed theo-
retically and experimentally for the topological quantum computation [14]. To understand
the effectiveness and applicability of these systems for quantum computation, we need to un-
derstand their topological properties of these compounds microscopically. Among several
proposed topological systems, we think, kagome lattice systems are promising considera-
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tions due to their unique electronic and magnetic structure [15]. Therefore, this thesis aims
is to grow single crystals of various kagome systems and study their structural, electronic,
magnetic, and transport properties.

The first chapter of this thesis discusses the concept of topological invariance from ab-
stract mathematical perspective and its connection to condensed matter systems via Berry
phase. Then, we discuss the role of spin-orbit coupling in the topological phases. Next, I
move towards a brief discussion about different types of Hall effect and their connection to
the topological properties, such as quantum Hall effect, quantum spin Hall effect, anomalous
Hall effect, and topological Hall effect. Next, I discuss the role of symmetries in topolog-
ical systems and the properties of topological semimetals. Finally, I end this chapter by
discussing the properties of Kagome lattice systems.

In the second chapter, I delve into the experimental techniques. I begin by discussing the
different methods employed for single crystal growth. Subsequently, I focus on crystal char-
acterization methods, including X-ray diffraction (XRD) and energy dispersive X-ray anal-
ysis (EDXS). The magnetic properties of the single crystals were analyzed using a vibrating
sample magnetometer (VSM). Additionally, electrical and magneto-transport studies were
conducted using the physical property measurement system (PPMS) from Quantum Design,
specifically the [DynaCool model] with magnetic field strength of upto 9 Tesla.

From chapters three to six, I present the results on different Kagome samples that I have
grown during my Ph.D. tenures. In the chapter three, I present the work done on Mn3Sn. I
observe a significant in-plane pure topological Hall effect which was diminished by doping
with Fe atoms. In chapter the four, I worked on the effect of Fe atoms doping in Mn3�xFexSn
at the Mn site, as this system shows strong correlation between the electronic and magnetic
structures, allowing us to tune the magnetism and its topological properties. Chapter five
talks about the growth of Fe3Sn single crystal as there are a few reports on the single crystals
of this system. Fe3Sn shows a giant anomalous Nernst effect due a the non-trivial Berry
phase in the k-space. Here, we have studied its magnetic and Hall properties in detail. In
the chapter six, I present the single crystal growth of HoMn6Ge6. Although HoMn6Sn6 and
HoMn6Ge6 shares similar structure, not many studies available in HoMn6Ge6 discussing
its topological properties. Here, we studied its structural, magnetic, magneto-transport, and
electronic band structure. Finally, chapter seven leads to the conclusions of this thesis.
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Figure 1.1: Concept of topological invariance: A coffee mug can be transformed to a
doughnut and a sphere can be transformed to a cube. But a doughnut can not be trans-
formed to a sphere. Therefore from topology both doughnut & coffee mug and cube &
sphere are the same.

1.1 Topological Invariance
The term ‘Topology’ is derived from the realm of abstract mathematics. By introducing
topology, a mathematical geometry can be unaltered continuously from one shape to another
without breaking it [16]. This concept can be easily visualized by the following example.
If we consider a coffee cup made of stretchable material, by applying external force, we
can shape it into a doughnut, as shown in Fig.1.1. In short to a topologist, a coffee mug
and a doughnut are indistinguishable. In mathematical term, this equivalence or one-to-one
correspondence in topological space is called homeomorphism. In simple mathematical
definition, if A and B are two topological spaces and they are homeomorphic then there
is a continuous map f : A ! B and g : B ! A such that f � g : A ! A and g �
f : B ! B. The maps f and g are homeomorphisms, and we can write f �1 � g and
g�1 � f . Topological invariant properties are always preserved under homeomorphism. In
the example shown in Fig.1.1, the hole in the coffee mug and the doughnut is topologically
invariant.

1.2 Berry Curvature
In 1983, ‘Berry’ realized that if a quantum mechanical system is transported in a closed path
(C) in a parameter space [17], it would acquire a phase which depends on the geometry of
the path called ‘Berry phase’. We can understand the concept of Berry phase using a simple
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Figure 1.2: visualization of Berry curvature. (a) parallel transport in a 2D sheet where the
geometrical phase for the closed loop is 0 while in (b) a sphere the geometrical phase is p

2
for the closed loop ‘C’. (c) Visualization of Berry phase in momentum space. The images
are reproduced from [19]

geometrical parallel transport mechanism [18]. For example, consider a tangent vector of
a surface in real space is to be transported in a closed path ‘C’ such that the tangent vector
does not rotate around the normal to the surface at any point. As seen in Fig.1.2(a), the
tangent vector is to be transported in a 2D Euclidean surface along the path ‘C’. We can
see that there is no change in the angle between the initial and final tangent vector. On the
other hand, if we take a spherical surface and transport a tangent vector, as shown in the
Fig.1.2(b), there will be p

2 phase difference between initial and final tangent vector when
transported in the closed path ‘C’.

Consider a Hamiltonian Ĥ(R) acting on a quantum system where R( ~R1, ~R2, ~R3...., ~Rn)

is a collection of vectors in a parameter space. For each R, there are n eigenstates jn(R)i
and corresponding eigenvalues En(R) as discussed in [20, 21]

Ĥ(R)jyn(R)i = En(R)jyn(R)i (1.2.1)

We introduce an adiabatic closed path C � fR(t) j t = 0 ! Tg in the parameter space.
According to adiabatic theorem, the initial eigenstate is not changed over time if the rate of
the variation of external parameter is very slow. We can write the state at time ‘t’ as

jY(t)i = e� i
h̄
R t

0 dt0En(R(t0)) jFn(t)i (1.2.2)

where jFn(t)i (at t = 0) is an auxiliary wavefunction whose dynamical phase is zero.
We can write
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hY(t)jĤ(t)jY(t)i = hY(t)jih̄ ¶

¶t
jY(t)i

= hFn(t)je
i
h̄
R t

0 dt0En(R(t0))(ih̄
¶

¶t
)e� i

h̄
R t

0 dt0En(R(t0))jFn(t)i

= En + i


Fn(t)

��Ḟn(t)
� (1.2.3)

As En is an eigenstate of jY(t)i the equation takes the form

i


Fn(t)

��Ḟn(t)
�

= 0 (1.2.4)

If we represent jFn(t)i in-terms of fixed eigenstate jn(R(t))i we can write

jFn(t)i = eian(t) jn(R(t)i (1.2.5)

By putting this relation in equation 1.2.4, we get

ȧn(t) = i hn(R(t))jṅ(R(t))i (1.2.6)

For the closed loop C the Berry phase is defined as follows

ȧn(C) = i
I

C
hn(R(t))j ¶R jn(R(t))i .dR

= i
I

C
A(R).dR

(1.2.7)

Here A(R) is called the Berry connection. Following Stokes theorem, we can rewrite
the Eqn. 1.2.7 as

ȧn(C) = i
Z

S
(rR � A(R))dS = i

Z
S

W(R)dS (1.2.8)

Here, W(R) = rR � A(R) is called the Berry phase.

In condensed matter, there are mainly two parameter spaces, which physicists use (i)
Berry phase in the crystal momentum space (k) and (ii) Berry phase in the real space (r). If
we compare this Berry concept with classical electromagnetism, Berry curvature represents
a pseudo magnetic field, and the Berry phase is the magnetic flux. Berry phase in momentum
space is mainly generated by nontrivial band topology in the electronic band structure, while
in real space, it is mainly generated by nontrivial magnetic structure. Interestingly, the total
Berry phase acquired in a closed loop in the Brillouin Zone (BZ) is a multiple of 2p

Z
BZ

W(k)d2k = 2pC (1.2.9)
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Figure 1.3: (Left) The atomic spin-orbit coupling effect on the orbital electron. (Right)
Band inversion phenomenon induced by SOC in solid systems.

Here, the C is topological invariant known as Chern number. The Chern number is
critical to determine whether a material is topological or not.

1.3 Spin-Orbit Coupling
In an atom, electron orbit around the nucleus with very high velocity, producing orbital
angular momentum [22]. As the electron has its intrinsic spin, it interacts with the relativistic
magnetic field, leading spin-orbit coupling or LS coupling. Solid state systems have an array
of atoms and charge carriers, experiencing the spin-orbit interaction. Thus the Hamiltonian
including the SOC is given by [23]

HSOC = � rV
2m2

0c2
L.S = � rV

4m2
0c2

s.p (1.3.1)

Where m0 is the mass of a electron, c is speed of light in vacuum, L and S are the orbital
and spin angular momenta, and V is the coulomb potential. In condensed matter systems,
we can replace S by Pauli’s spin matrices s and L by momentum vector p.

SOC plays a vital role in topological systems by introducing band splitting and band
inversion [24]. For example, in topological insulators, the presence of strong SOC can swap
the highest occupied valence band with with the lowest unoccupied conduction band , which
eventually causes band inversion, as shown in Fig.1.3. In case of nodal line semi-metal,
presence of SOC opens up a gap which eventually gives rise to very high Berry curvature
[25].
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1.4 Hall Effect
The Hall effect is a phenomenon observed when a current-carrying conductor or semicon-
ductor is subjected to a perpendicular magnetic field. Discovered by Edwin Hall in 1879, the
Hall effect resulted in the generation of a transverse voltage known as the Hall voltage [26].
This voltage is perpendicular to both current and the applied magnetic field directions. This
transverse Hall voltage can be described as

VH = RH
IB
t

(1.4.1)

Where RH is Hall coefficient is inversely proportional to charge carrier concentration n

such that RH = 1
ne . I and B are the applied current and external magnetic field strength. t

is the thickness of the sample. In general, current density (j) can be expressed in terms of
resistivity tensor (r) and electric field (E = Ex x̂ + Eyŷ) as,

E = r.j =)
 

Ex

Ey

!
=

 
rxx rxy

ryx ryy

! 
jx
jy

!
(1.4.2)

In terms of the conductivity tensor (s) we can rewrite j as

j = s.E =)
 

jx
jy

!
=

 
sxx sxy

syx syy

! 
Ex

Ey

!
(1.4.3)

which implies s = r�1 and using the relations rxx = ryy and rxy = �ryx we can
express the conductivity in terms of the resistivity as

sxx =
rxx

r2
xx + r2

xy
(1.4.4)

and
sxy =

�rxy

r2
xx + r2

xy
(1.4.5)

Later, the Hall effect branched into different types such as quantum Hall effect (QHE),
quantum spin Hall effect (QSHE), anomalous Hall effect (AHE) and topological Hall effect
(THE).

1.4.1 Quantum Hall Effect

In normal Hall effect, we considered the electrons as classical particles but their motion is
confined in a 2D-plane. On the other hand, in the quantum picuture, the electrons motion
in a 2D-plane is treated quantum mechanically using the Schródinge equation. Thus we can
choose the vector potential A(r) for yhe magnetic field applied along ẑ direction A(r) =
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xBŷ i.e. ‘Landau gauge’ such that rr � A(r) = Bẑ. Now the Hamiltonian can be written
as [20, 21]

H =
1

2m

�
p +

e
c
A(r)

�2
=

1
2m

"
p2

x +

�
py +

eBx
c

�2
#

(1.4.6)

Following the Born-von Karman boundary condition along y direction, we can write the
solutions of this Hamiltonian as

y(x, y) = 1p
L
eikyyfky(x), ky = 2pn

L , n : integer

Now the Schródinger’s equation becomes

1
2m

"
p2

x +

�
h̄ky +

exB
c

�2
#

fky(x) = ekyfky(x) (1.4.7)

From a close observation of the above equation, we can find that it mimics a harmonic
oscillator in the x-direction. Thus, We can rewrite the Hamiltonian as

H =
1

2m
p2

x +
mw2

B
2

�
x + kl2B

�2
(1.4.8)

Here, wB = eB/m is cyclotron frequency of electron orbiting on the plane perpendicu-
lar to magnetic field Bẑ the and lB =

q
h̄c
eB is the magnetic length. The energy eigenvalues

are given by

en =

�
n +

1
2

�
h̄wB (1.4.9)

The number of available states in a Landau system is calculated to be NL = BA
f0

, where
A is the area of the sample perpendicular to the magnetic field B and f0 is the magnetic flux
quantum f0 = hc

e . In case of Hall effect we must include the electric field E = E0x̂ and
thus the modified Hamiltonian can be rewritten for the potential energy [V(x) = �exE0]

H =
1

2m

"
p2

x +

�
py +

eBx
c

�2
#

+ exE0 (1.4.10)

and the corresponding energy eigenvalues are given by

en,ky =

�
n +

1
2

�
h̄wB � eE

 
kyl2B +

eE
mw2

B

!
+

mE2

2B2 (1.4.11)

Now the energy levels depends linearly on ky which means there is a finite drift velocity

along y direction with vy = 1
h̄

¶en,ky
¶ky

= � E
B . Which is the cause of quantized Hall effect in
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Figure 1.4: Schematic presentation of (a) normal Hall effect (b) Spin Hall effect (SHE).
Quantum version of normal Hall effect or (c) integer quantum Hall effect (IQHE) and quan-
tum version of SHE or (d) quantum spin Hall effect (QSHE). (e) Experimental observation
of QHE taken from Ref [3]

y direction.

Though the system behaves as a band insulator, in presence of external magnetic field
due to quantization of Hall effect, one can see conducting edge states as demonstrated in
Fig.1.4(c). Further, the potential energy term V(x) can be expanded as V(x) = V(X) +

(x � X) ¶V
¶x (ignoring the higher order terms). Here we will also get drift velocity along y

direction vy = 1
eB

¶V
¶x . Interestingly, the edge modes are chiral and opposite i.e. vy < 0 for

x > 0 and vy > 0 for x < 0 which explains the opposite current flow at the edges [27].

1.4.2 Quantum Spin Hall Effect

In spin Hall effect measurements, the strong spin-orbit coupling (SOC) pushes the spin-
up and spin-down electrons to opposite edges of a 2D material without even applying the
external magnetic field. Though the net charge current is zero in this case, there is a finite
transverse spin current. Quantum spin Hall effect (QSHE) is the quantized version of the
spin Hall effect. In QHE the time reversal symmetry (TRS) is broken due to the presence
of magnetic field but in QSHE the TRS is preserved. This QSHE is first observed in the
semiconducting HgTe quantum well, sandwiched between two CdTe layers [28, 29].
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Figure 1.5: Anomalous Hall resistivity plotted as a function of applied field in a ferromagnet
Ni, taken from Ref [31]

1.4.3 Anomalous Hall effect

Soon after the discovery of Hall effect in a semiconductor in 1881, Edwin Hall observed an
anomalous Hall signal while replacing the semiconductor by ferromagnetic iron [30]. Thus,
named as the anomalous Hall effect (AHE). In a ferromagnet, initially the Hall resistivity in-
creases steeply, reassembly the magnetization M(H), saturating the Hall resistivity increases
linearly with applied field due to normal Hall contribution. So, the total Hall resistivity can
be written as,

rH = m0R0H + m0RSM (1.4.12)

where the first term represents normal Hall effect and the second term represents the anoma-
lous Hall effect. R0 is the normal Hall coefficient, RS is the anomalous Hall coefficient, and
M is the magnetization. The AHE data from ferromagnet Ni, taken from Smit [31], is shown
in Fig.1.5 Recently, AHE has been observed in antiferromagnetic systrms as well [32, 33].
While in antiferromagnet systems the AHE originates intrinsically, in ferromagnetic sys-
tems, there are also extrinsic origins [34]. So far, there exists three widely known micro-
scopic theories explaining the AHE in condensed matter systems [34]

(i) Intrinsic anomalous Hall effect: In 1954, Karplus and Luttinger introduced this con-
cept when they considered the inclusion of spin-orbit coupling which gives a finite contri-
bution from the inter-band scattering which only depends on the electronic structure of the
material [35]. Until 2002 this concept was not seriously considered by the scientific com-
munity, the AHE in topological systems compelled to vote on this theory. As per the KL
theory, for the given states of jn,ki (for n-th band with momentum k) and eigenvalues en(k)

of a Bloch Hamiltonian H, one can calculate the intrinsic Hall conductivity sint
ij using the
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Kubo formula [34],

sint
ij = e2h̄ å

n 6=n0

Z dk
(2p)d [ f (en(k)) � f (en0(k))] � Im

hn,kjvi(k)jn0,ki hn0,kjvj(k)jn,ki
[en(k) � en0(k)]2

(1.4.13)
Here, the velocity operator can be expressed as vi(k) = 1

h̄rkH(k). The Berry connection
can be written as An(k) = i hn,kjrkjn0,ki which gives the Berry curvature

Wn(k) = rk � An(k) (1.4.14)

By solving the Boltzman’s semi-classical transport equation, one can get the equation of
motion as

dhri
dt

=
1
h̄

¶E
¶k � e

h̄
E � Wn(k) (1.4.15)

The first term is the drift velocity of the electron in presence of external electric field and
second term suggests electron motion transverse to the applied electric field to produce the
anomalous Hall conductivity. As the intrinsic Hall conductivity (IHC) is calculated by inte-
grating over the entire Brillouin Zone (BZ), IHC would be temperature independent if there
is no change in the electronic band structure. Further, the anomalous Hall resistivity (rint

ij )
quadratically dependence with on the longitudinal resistivity (rii) such that rint

ij µ r2
ii.

(ii)Extrinsic Anomalous Hall effect

(a) Skew-scattering mechanism: In 1955, Smit first proposed that the main reason for
the anomalous Hall effect is from the asymmetric (skew) scattering of electrons with the
impurities in the presence of strong spin-orbit interaction [36,37]. The Fermi’s golden rule
describe the probability of transition from a initial state n to final state n0 as Wn!n0 =
2p
h̄ j hnjDHjn0i j2d(En � En0) where DH is the perturbation inducing the transition. In the

presence of SOC and magnetization the scattering probability of n ! n0 and n0 ! n

transitions is not same. The transition probability takes the form

WA
kk0 = �t�1k � k’.MS (1.4.16)

If the transport life time (t) is high, the skew scattering contribution dominates the total
Hall effect and the anomalous Hall resistivity is linearly proportional to the longitudinal re-
sistivity rskew

ij µ rii [34].

(iii) Side-jump mechanism: In 1964, Berger introduced the side-jump mechanism to
explain the anomalous Hall effect [38]. In semiclassical approach when a gaussian wave
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packet scatters from a spherical impurity, the wave packet with incident wave vector k dis-
place transverse to its initial direction. This phenomenon is called side-jump. In this case
anomalous Hall resistivity is quadratically proportional to longitudinal resistivity rside

ij µ r2
ii.

Interestingly, unlike in the skew-scattering mechanism, in the side jump case the Hall con-
ductivity is independent of the longitudinal conductivity [38]. Thus, the extrinsic side Hall
conductivity is sside

ij = e2

h̄ ( eSOC
EF

) where eSOC is the spin-orbit coupling energy and EF is
Fermi energy.

1.4.4 Topological Hall effect

However, recently a different component of the Hall effect, which is distinguishable from
the AHE, has been discovered in many non-coplanar magnetic systems. This special type
of Hall effect now widely popular as the topological Hall effect (THE) is mainly found in
the system with non-coplanar chiral spin structure. While the AHE in non-collinear systems
is originating from finite k-space Berry curvature, the THE comes due to finite real space
Berry curvature in the system. This topological Hall effect is mainly found in the skyrmion
crystals [39, 40], canted antiferromagnets [41, 42], and spin glass systems [43]. The total
Hall resistivity can be expressed as,

rxy(H) = rN
xy(H) + rA

xy(H) + rT
xy(H)

= m0R0H + m0RSM + rT
xy(H)

(1.4.17)

Now, as this THE is coming from non-coplanar chiral spin structure, the value of topological
Hall resistivity (rT

xy) can be negligible in the presence of strong magnetic field, as all spins
try to align in the direction of applied field. So, in high magnetic fields region rT

xy ! 0 and
we can rewrite the Eqn. 1.4.17 as,

rT
xy

m0H
= R0 + RS

M
H

(1.4.18)

By fitting the Hall resistivity data with Eqn. 1.4.18 in the high field region, we estimate
the normal and anomalous Hall coefficient (R0 and RS). By inserting R0 and RS values in
the main Eqn. 1.4.17, we can extract topological Hall resistivity contribution from the total
Hall resistivity.

In special cases the non-coplanar magnetic structures can become topologically non-
trivial spin textures in presence of certain magnetic interactions inside the system. Such
examples are skyrmion, anti-skrymion, and biskyrmion [40, 45–49]. The quantity which
distinguishes among this non-trivial spin structures is called the topological charge or wind-
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Ref [44]

ing number Q [49].

Skyrmion: Skyrmions are a special kind of non-coplanar arrangement of spin-strucutres,
where the winding number Q = 1

4p

R
m.(¶xm � ¶ym)dxdy would be either +1 or �1. A

skrymion would form in a magnetic system if there exists atleast two competitive interactions
in the system. In general, Hamiltonian of a magnetic system can be expressed (including
several magnetic interactions) as

H = � å
<i,j>

JijSi.Sj � hz å
j

Sz
j + HDM + Hsingle�ion + Hdipole + HRKKY (1.4.19)

The first term corresponds to Heisenberg interaction, second term is due to Zeeman splitting,
third term is for Dzyaloshinskii–Moriya interaction, fourth term corresponds to single-ion
anisotropy, fifth term refers to dipole-dipole interaction, and sixth term is due to Ruderman-
Kittel-Kasuya-Yosida (RKKY) interaction. In a non-centrosymmetric system the Dzyaloshinskii–
Moriya term HDM = åi,j Dij.(Si �Sj) would play a critical role. In a non-centrosymmetric
system the inversion symmetry is broken resulting finite Dij term. Several non centrosym-
metric systems fall into this category such as MnSi and FeGe [50, 51]. In rare-earth based
triangular magnets, the Ruderman-Kittel-Kasuya-Yosida (RKKY) interaction (in which the
localized spins are coupled though the conduction electrons) along with magnetic frustra-
tion, can stabilize skyrmions as seen in Gd2PdSi3 [48] and Gd3Ru4Al12 [52]. In case of
centrosymmetric magnets, like Fe3Sn2 [53], the competition between single ion anisotropy
and the dipole-dipole interaction is the main source of the skrmion formation. As the charge
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carriers move through a skyrmion, they experience real space Berry curvature which is noth-
ing but a pseudo magnetic field. The strength of topological Hall resistivity depends on this
pseudo magnetic field expressed by

rT
xy = PR0Be f f (1.4.20)

where P is the polarization factor, P = mspon/msat, R0 is the normal Hall coefficient, and
Be f f is the effective pseudo magnetic field [54–56]. This effective pseudo magnetic field
depends on the skymion density as

Be f f = f0nsk (1.4.21)

Here, f0 is flux quanta and nsk is skyrmion density [54–56]. Thus, the skyrmion density in
a system can be indirectly estimated using the topological Hall resistivity data.

1.5 Symmetries

As discussed earlier, a system will be topologically invariant if it is protected by atleast one
of the two symmetries. They are (i) time reversal symmetry (TRS) and (ii) Point group
symmetry.

1.5.1 Point group symmetry

After imposing the Point-group symmetry if lattice is unchanged, we say that the system is
invariant under point-group operation [57]. Point-group symmetries are unitary operators.
There are several point-group symmetries such as inversion, reflection, rotation, and rotore-
flection. Among them the inversion symmetry plays an important role in developing topo-
logical state in a condensed matter system. Under inversion symmetry, a left-handed system
would become right-handed. It is an unitary operation such that k ! �k and P̂2 = 1. If P̂

is inversion operator acting on the position x̂, then the expectation value would become

hfjP̂�1x̂P̂jfi = � hfjx̂jfi (1.5.1)

So, x̂ is odd under inversion. In inversion invariant system the energy eigenvalues can be
written as

En,s(�k) = En,s(k) (1.5.2)

and for Berry curvature,
W(�k) = W(k) (1.5.3)
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1.5.2 Time reversal symmetry

Time reversal symmetry is an antiunitary operator. If it acts on position x̂ is would be
unchanged. If it acts on the momentum p̂ and spin ŝ, their signs will be reversed in such
way that

TR : x̂ ! x̂, p̂ ! � p̂, ŝ ! �ŝ (1.5.4)

In a spin-1/2 system, TRS acts as,

T̂�1siT̂ = �si (i = x, y, z) (1.5.5)

Where si are Pauli’s spin matrices. If a system in invariant under the time reversal symmetry,
the Hamiltonian of the system would be unchanged. Then,

En,�s(�k) = En,s(k) (1.5.6)

and for the Berry curvature, there would be a sign change

W(�k) = �W(k) (1.5.7)

1.6 Topological Semimetals

In 1928, Dirac introduced his famous relativistic equation for the fermions by incorporating
both the single particle quantum mechanics and the special theory of relativity [58,59]. The
wave equation of spin 1/2 electron in the relativistic limit (Dirac equation) can be written in
the covariant form as

(ih̄gm¶m � mc)y = 0 (1.6.1)

Here m = 0, 1, 2, 3.... is the dimensionality of the space, c is the speed of light in vacuum,
and m is the rest mass of the fermion. Dirac proposed this equation for free fermions, in the
vacuum, in the high energy limit where the energy of the particles is linearly dependent with
its momentum according to Einstein’s equation E2 = (pc)2 + (m0c2)2. In condensed mat-
ter systems, there are several other interactions are present. Thus, the electrons inside the
systems are not independent but collectively they are quasiparticle excitations which follow
Dirac wave equation, called as Dirac fermions (massive, m 6= 0) in the condensed matter
systems. The systems hosting the Dirac fermions are called Dirac semimetals.

Soon after Dirac proposed his revolutionary wave equation, in 1929, Hermann Weyl
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�� �5�I�F �9���S�B�Z �S�F�Q�F�D�U�F�E

�G�S�P�N �E�J�O�F�S�F�O�U �M�B�U�U�J�D�F �Q�M�B�O�F�T�
 �X�I�J�D�I �J�O�U�S�P�E�V�D�F�T �Q�I�B�T�F �E�J�O�F�S�F�O�D�F�
 �D�B�V�T�J�O�H �D�P�O�T�U�S�V�D�U�J�W�F �P�S �E�F��

�T�U�S�V�D�U�J�W�F �J�O�U�F�S�G�F�S�F�O�D�F�T�� �'�S�P�N �'�J�H���������	�B�
 �X�F �D�B�O �T�F�F �U�I�F �Q�B�U�I �E�J�O�F�S�F�O�D�F �J�T2dsinq �I�F�O�D�F �U�I�F

�Q�I�B�T�F �E�J�O�F�S�F�O�D�F �J�T2p
l 2dsinq�� �'�P�S �D�P�O�T�U�S�V�D�U�J�W�F �J�O�U�F�S�G�F�S�F�O�D�F�T�
 �U�I�F �Q�I�B�T�F �E�J�O�F�S�F�O�D�F �I�B�T �U�P �C�F

�F�W�F�O �N�V�M�U�J�Q�M�F �P�Gp �� �5�I�V�T�


2p
l

2dsinq = 2np =) 2dsinq = nl �	�����������


�8�I�F�S�Fn �J�T �B�O �J�O�U�F�H�F�S�� �5�I�F �&�R�O�������������J�T �D�B�M�M�F�E �#�S�B�H�H�•�T �M�B�X �P�G �E�J�O�S�B�D�U�J�P�O�� �#�Z �D�P�M�M�F�D�U�J�O�H �U�I�F

�E�J�O�S�B�D�U�F�E �9���S�B�Z�T �B�T �B �G�V�O�D�U�J�P�O �P�Gq�
 �P�O�F �D�B�O �P�C�T�F�S�W�F �J�O�U�F�O�T�J�U�Z �Q�F�B�L�T �B�U �T�Q�F�D�J�P�Dq �W�B�M�V�F�T�
 �J�O��

�E�J�D�B�U�J�O�H �D�P�O�T�U�S�V�D�U�J�W�F �J�O�U�F�S�G�F�S�F�O�D�F�� �5�I�S�P�V�H�I �U�I�F �D�B�M�D�V�M�B�U�J�P�O �P�G �U�I�F �M�B�U�U�J�D�F �Q�M�B�O�F �E�J�T�U�B�O�D�F �	�E�
�


�V�T�J�O�H �U�I�F �#�S�B�H�H�•�T �S�F�M�B�U�J�P�O�
 �X�F �D�B�O �F�T�U�J�N�B�U�F �U�I�F �M�B�U�U�J�D�F �D�P�O�T�U�B�O�U�T �B�O�E �T�Z�N�N�F�U�S�Z �P�G �U�I�F �D�S�Z�T�U�B�M��

�" �9�3�% �T�F�U�V�Q �J�T �T�D�I�F�N�B�U�J�D�B�M�M�Z �E�F�Q�J�D�U�F�E �J�O �'�J�H�V�S�F�������	�C�
�� �5�I�F �Q�S�P�D�F�T�T �C�F�H�J�O�T �X�J�U�I �U�I�F

�H�F�O�F�S�B�U�J�P�O �P�G �9���S�B�Z�T �C�Z �J�O�J�U�J�B�U�J�O�H �B�O �F�M�F�D�U�S�P�O �C�F�B�N �X�J�U�I�J�O �B �I�J�H�I�M�Z �F�W�B�D�V�B�U�F�E �9���S�B�Z �U�V�C�F

�	�$�P�P�M�J�E�H�F �U�V�C�F�
 �U�I�S�P�V�H�I �U�I�F�S�N�J�P�O�J�D �F�N�J�T�T�J�P�O �G�S�P�N �B �I�F�B�U�F�E �U�V�O�H�T�U�F�O �	�8�
 �D�B�U�I�P�E�F�� �5�I�J�T

�F�M�F�D�U�S�P�O �C�F�B�N �J�T �E�J�S�F�D�U�F�E �U�P�X�B�S�E�T �B �D�P�Q�Q�F�S �	�$�V�
 �B�O�P�E�F �U�P �Q�S�P�E�V�D�F �D�I�B�S�B�D�U�F�S�J�T�U�J�D �9���S�B�Z�T��

�4�V�C�T�F�R�V�F�O�U�M�Z�
 �U�I�F �H�F�O�F�S�B�U�F�E �D�I�B�S�B�D�U�F�S�J�T�U�J�D �9���S�B�Z �Q�B�T�T�F�T �U�I�S�P�V�H�I �W�B�S�J�P�V�T �T�M�J�U�T �U�P �G�P�S�N �B �G�P��

�D�V�T�F�E �9���S�B�Z �C�F�B�N �U�I�B�U �J�N�Q�J�O�H�F�T �P�O �U�I�F �T�B�N�Q�M�F �T�V�S�G�B�D�F�� �5�I�F �E�J�O�S�B�D�U�F�E �9���S�B�Z �C�F�B�N �J�T �U�I�F�O

�H�V�J�E�F�E �U�I�S�P�V�H�I �B�E�E�J�U�J�P�O�B�M �T�M�J�U�T �T�V�D�I �B�T �U�I�F �1�B�S�B�M�M�F�M �T�M�J�U �B�O�B�M�Z�[�F�S�
 �4�P�M�M�F�S �T�M�J�U�
 �B�O�E �S�F�D�F�J�W�J�O�H

�T�M�J�U �U�P �F�O�I�B�O�D�F �C�F�B�N �G�P�D�V�T �B�O�E �U�I�F �Q�F�B�L �J�O�U�F�O�T�J�U�Z �P�G �U�I�F �D�P�M�M�F�D�U�F�E �9�3�% �E�B�U�B�� �9�3�% �N�F�B�T�V�S�F��

�N�F�O�U�T �X�F�S�F �D�P�O�E�V�D�U�F�E �V�T�J�O�H �B �3�J�H�B�L�V �4�N�B�S�U�-�B�C �9���S�B�Z �E�J�O�S�B�D�U�P�N�F�U�F�S �	�� �L�8�
 �X�J�U�I �$�V���,a

�S�B�E�J�B�U�J�P�O �	l = 1.5406�…�
 �<�T�F�F �'�J�H�V�S�F�������	�D�
�>�� �*�O �U�I�J�T �T�F�U�V�Q�
 �F�M�F�D�U�S�P�O�T �F�N�J�U�U�F�E �G�S�P�N �U�I�F �8��

�D�B�U�I�P�E�F �B�S�F �B�D�D�F�M�F�S�B�U�F�E �C�Z �B �W�P�M�U�B�H�F �E�J�O�F�S�F�O�D�F �P�G ���������� �L�7 �C�F�U�X�F�F�O �U�I�F �D�B�U�I�P�E�F �B�O�E �B�O�P�E�F�


�X�I�J�M�F �U�I�F �F�M�F�D�U�S�P�O �D�V�S�S�F�O�U �J�T �N�B�J�O�U�B�J�O�F�E �X�J�U�I�J�O ������������ �N�"�� �5�I�J�T �D�P�O�P�H�V�S�B�U�J�P�O �H�F�O�F�S�B�U�F�T

�B�O �F�M�F�D�U�S�P�O �C�F�B�N �P�G �V�Q �U�P �� �L�8�
 �X�I�J�D�I �T�U�S�J�L�F�T �U�I�F �$�V �B�O�P�E�F �U�P �Q�S�P�E�V�D�F �$�V �,a1 �9���S�B�Z�T��

����



�'�J�H�V�S�F ���������	�B�
 �9���S�B�Z �E�J�O�S�B�D�U�J�P�O �G�S�P�N �Q�B�S�B�M�M�F�M �#�S�B�H�H �Q�M�B�O�F�T�� �	�C�
 �4�D�I�F�N�B�U�J�D �E�J�B�H�S�B�N �P�G �9��
�S�B�Z �E�J�O�S�B�D�U�P�N�F�U�F�S�� �	�D�
 ���L�8 �3�J�H�B�L�V���4�N�B�S�U�M�B�C �9�3�% �J�O�T�U�S�V�N�F�O�U �B�U �4�/�#�/�$�#�4��

����



�5�I�F �E�J�O�S�B�D�U�F�E �C�F�B�N �J�T �S�F�D�P�S�E�F�E �V�T�J�O�H �B �I�Z�C�S�J�E �Q�I�P�U�P�O �D�P�V�O�U�J�O�H �	�)�1�$�
 �E�F�U�F�D�U�P�S�� �*�U�•�T �J�N��

�Q�P�S�U�B�O�U �U�P �O�P�U�F �U�I�B�U �U�I�F �N�F�O�U�J�P�O�F�E �E�J�O�S�B�D�U�P�N�F�U�F�S �V�U�J�M�J�[�F�T �Bq � q �H�P�O�J�P�N�F�U�F�S �T�F�U�V�Q�
 �X�I�F�S�F

�U�I�F �T�B�N�Q�M�F �T�U�B�H�F �S�F�N�B�J�O�T �T�U�B�U�J�P�O�B�S�Z �X�I�J�M�F �U�I�F �9���S�B�Z �U�V�C�F �B�O�E �E�F�U�F�D�U�P�S �S�P�U�B�U�F �U�P �D�B�Q�U�V�S�F �U�I�F

�9�3�% �Q�B�U�U�F�S�O�� �5�I�F �B�O�H�V�M�B�S �Q�P�T�J�U�J�P�O�T �P�G �U�I�F �9���S�B�Z �U�V�C�F �B�O�E �U�I�F �E�F�U�F�D�U�P�S �B�S�F �S�F�D�P�S�E�F�E �B�Tq �B�O�E

q�
 �S�F�T�Q�F�D�U�J�W�F�M�Z�� �"�M�U�F�S�O�B�U�J�W�F�M�Z�
 �P�U�I�F�S �9�3�% �T�F�U�V�Q�T �T�V�D�I �B�T �U�I�F �3�J�H�B�L�V �.�J�O�J�'�M�F�Y �*�* �F�N�Q�M�P�Z �B

q � 2q �H�P�O�J�P�N�F�U�F�S�
 �X�I�F�S�F �U�I�F �9���S�B�Z �U�V�C�F �J�T �P�Y�F�E �B�U �Q�P�T�J�U�J�P�O �B�O�E �U�I�F �E�F�U�F�D�U�P�S �J�T �S�P�U�B�U�F�E �C�Z

2q �U�P �S�F�D�P�S�E �U�I�F �E�B�U�B��

�3�J�F�U�W�F�M�E �S�F�P�O�F�N�F�O�U �J�T �B�O �B�E�W�B�O�D�F�E �B�O�B�M�Z�U�J�D�B�M �U�P�P�M �H�F�O�F�S�B�M�M�Z �V�T�F�E �P�O �U�I�F �9���S�B�Z �E�J�O�S�B�D��

�U�J�P�O �	�9�3�%�
 �E�B�U�B �U�P �Q�S�F�D�J�T�F�M�Z �B�O�B�M�Z�[�F �U�I�F �D�S�Z�T�U�B�M �T�U�S�V�D�U�V�S�F �P�G �N�B�U�F�S�J�B�M�T�� �*�U �F�N�Q�M�P�Z�T �B �M�F�B�T�U��

�T�R�V�B�S�F�T �P�Q�U�J�N�J�[�B�U�J�P�O �B�Q�Q�S�P�B�D�I �U�P �J�U�F�S�B�U�J�W�F�M�Z �S�F�P�O�F �U�I�F �Q�B�S�B�N�F�U�F�S�T �P�G �U�I�F �D�S�Z�T�U�B�M �T�U�S�V�D�U�V�S�F

�N�P�E�F�M �<�����>�� �5�I�J�T �N�F�U�I�P�E �D�B�M�D�V�M�B�U�F�T �U�I�F �E�J�O�F�S�F�O�D�F �C�F�U�X�F�F�O �U�I�F �P�C�T�F�S�W�F�E �B�O�E �D�B�M�D�V�M�B�U�F�E

�E�J�O�S�B�D�U�J�P�O �Q�B�U�U�F�S�O�
 �T�R�V�B�S�F�T �U�I�F�T�F �E�J�O�F�S�F�O�D�F�T�
 �B�O�E �U�I�F�O �B�E�K�V�T�U�T �U�I�F �N�P�E�F�M �Q�B�S�B�N�F�U�F�S�T �U�P �N�J�O��

�J�N�J�[�F �U�I�F�J�S �T�V�N�� �%�V�S�J�O�H �3�J�F�U�W�F�M�E �S�F�P�O�F�N�F�O�U�
 �W�B�S�J�P�V�T �Q�B�S�B�N�F�U�F�S�T �B�S�F �S�F�P�O�F�E�
 �T�V�D�I �B�T �B�U�P�N�J�D

�D�P�P�S�E�J�O�B�U�F�T�
 �U�I�F�S�N�B�M �E�J�T�Q�M�B�D�F�N�F�O�U �Q�B�S�B�N�F�U�F�S�T �	�#���G�B�D�U�P�S�T�
�
 �B�U�P�N�J�D �P�D�D�V�Q�B�O�D�J�F�T�
 �B�O�E �M�B�U�U�J�D�F

�Q�B�S�B�N�F�U�F�S�T�� �*�U �B�M�T�P �U�B�L�F�T �J�O�U�P �B�D�D�P�V�O�U �J�O�T�U�S�V�N�F�O�U�B�M �G�B�D�U�P�S�T �B�O�E �T�B�N�Q�M�F �D�I�B�S�B�D�U�F�S�J�T�U�J�D�T �C�Z �D�P�O��

�W�P�M�V�U�J�O�H �U�I�F �D�B�M�D�V�M�B�U�F�E �E�J�O�S�B�D�U�J�P�O �Q�B�U�U�F�S�O �X�J�U�I �B �Q�S�P�P�M�F �G�V�O�D�U�J�P�O�� �5�I�J�T �G�V�O�D�U�J�P�O �E�F�T�D�S�J�C�F�T

�U�I�F �T�I�B�Q�F �B�O�E �C�S�P�B�E�F�O�J�O�H �P�G �E�J�O�S�B�D�U�J�P�O �Q�F�B�L�T�
 �D�P�O�T�J�E�F�S�J�O�H �U�I�F �G�B�D�U�P�S�T �M�J�L�F �J�O�T�U�S�V�N�F�O�U�B�M �S�F�T��

�P�M�V�U�J�P�O �B�O�E �T�B�N�Q�M�F �N�J�D�S�P�T�U�S�V�D�U�V�S�F�� �5�I�F �D�B�M�D�V�M�B�U�F�E �J�O�U�F�O�T�J�U�Z �J�O �3�J�F�U�W�F�M�E �S�F�P�O�F�N�F�O�U �D�B�O �C�F

�F�Y�Q�S�F�T�T�F�E �V�T�J�O�H �U�I�F �G�P�M�M�P�X�J�O�H �F�R�V�B�U�J�P�O��

I�D�B�M�D,i (q) = Fi � Pi (q) � C(q) � V � R

�8�I�F�S�F��

�†Fi �J�T �U�I�F �T�U�S�V�D�U�V�S�F �G�B�D�U�P�S �G�P�S �U�I�Fi���U�I �E�J�O�S�B�D�U�J�P�O �Q�F�B�L�
 �S�F�Q�S�F�T�F�O�U�J�O�H �U�I�F �D�P�O�U�S�J�C�V�U�J�P�O �P�G

�F�B�D�I �B�U�P�N �J�O �U�I�F �D�S�Z�T�U�B�M �U�P �U�I�F �E�J�O�S�B�D�U�J�P�O �J�O�U�F�O�T�J�U�Z��

�†Pi (q) �J�T �U�I�F �Q�S�P�P�M�F �G�V�O�D�U�J�P�O �E�F�T�D�S�J�C�J�O�H �U�I�F �J�O�T�U�S�V�N�F�O�U�B�M �C�S�P�B�E�F�O�J�O�H �B�O�E �T�B�N�Q�M�F �D�I�B�S��

�B�D�U�F�S�J�T�U�J�D�T �B�U �U�I�F �H�J�W�F�O �B�O�H�M�Fq��

�†C(q) �J�T �U�I�F �H�F�P�N�F�U�S�J�D �D�P�S�S�F�D�U�J�P�O �G�B�D�U�P�S�
 �B�D�D�P�V�O�U�J�O�H �G�P�S �U�I�F �W�B�S�J�B�U�J�P�O �J�O �9���S�B�Z �J�O�U�F�O�T�J�U�Z

�X�J�U�I �T�D�B�U�U�F�S�J�O�H �B�O�H�M�Fq��

�†V �J�T �U�I�F �U�I�F �V�O�J�U �D�F�M�M �W�P�M�V�N�F �P�G �U�I�F �D�S�Z�T�U�B�M��

�†R �J�T �B �T�D�B�M�J�O�H �G�B�D�U�P�S �U�I�B�U �B�D�D�P�V�O�U�T �G�P�S �U�I�F �T�B�N�Q�M�F �U�I�J�D�L�O�F�T�T�
 �B�C�T�P�S�Q�U�J�P�O�
 �B�O�E �J�O�T�U�S�V��

�N�F�O�U�B�M �F�R�D�J�F�O�D�Z��

�5�I�F �T�U�S�V�D�U�V�S�F �G�B�D�U�P�SFi �E�F�Q�F�O�E�T �P�O �U�I�F �B�U�P�N�J�D �Q�P�T�J�U�J�P�O�T�
 �B�U�P�N�J�D �T�D�B�U�U�F�S�J�O�H �G�B�D�U�P�S�T�
 �B�O�E

�P�U�I�F�S �Q�B�S�B�N�F�U�F�S�T �E�F�T�D�S�J�C�J�O�H �U�I�F �D�S�Z�T�U�B�M �T�U�S�V�D�U�V�S�F�� �5�I�F �Q�S�P�P�M�F �G�V�O�D�U�J�P�OPi (q) �D�I�B�S�B�D�U�F�S�J�[�F�T
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�U�I�F �T�I�B�Q�F �B�O�E �C�S�P�B�E�F�O�J�O�H �P�G �U�I�F �E�J�O�S�B�D�U�J�P�O �Q�F�B�L �E�V�F �U�P �J�O�T�U�S�V�N�F�O�U�B�M �F�O�F�D�U�T �B�O�E �T�B�N�Q�M�F

�Q�S�P�Q�F�S�U�J�F�T�� �5�I�F �H�F�P�N�F�U�S�J�D �D�P�S�S�F�D�U�J�P�O �G�B�D�U�P�SC(q) �B�E�K�V�T�U�T �G�P�S �U�I�F �W�B�S�J�B�U�J�P�O �J�O �9���S�B�Z �J�O�U�F�O�T�J�U�Z

�X�J�U�I �T�D�B�U�U�F�S�J�O�H �B�O�H�M�F��

������ �$�P�N�Q�P�T�J�U�J�P�O �D�I�B�S�B�D�U�F�S�J�[�B�U�J�P�O�� �&�O�F�S�H�Z �%�J�T�Q�F�S�T�J�W�F �9��

�S�B�Z �4�Q�F�D�U�S�P�T�D�P�Q�Z �	�&�%�9�4�


�&�O�F�S�H�Z �%�J�T�Q�F�S�T�J�W�F �9���S�B�Z �4�Q�F�D�U�S�P�T�D�P�Q�Z �	�&�%�9�4�
 �B�M�T�P �L�O�P�X�O �B�T �&�%�9�
 �J�T �B �D�P�N�N�P�O�M�Z �F�N��

�Q�M�P�Z�F�E �U�P �E�F�U�F�S�N�J�O�F �U�I�F �F�M�F�N�F�O�U�B�M �D�P�N�Q�P�T�J�U�J�P�O �P�G �U�I�F �N�B�U�F�S�J�B�M�T�� �*�O �U�I�J�T �U�F�D�I�O�J�R�V�F�
 �I�J�H�I

�F�O�F�S�H�Z �F�M�F�D�U�S�P�O�T �B�S�F �C�P�N�C�B�S�E�F�E �U�P �U�I�F �T�B�N�Q�M�F��

�8�I�F�O �U�I�F �T�B�N�Q�M�F �J�T �T�V�C�K�F�D�U�F�E �U�P �C�P�N�C�B�S�E�N�F�O�U �C�Z �B �I�J�H�I���F�O�F�S�H�Z �F�M�F�D�U�S�P�O �C�F�B�N�
 �U�I�F �F�M�F�D��

�U�S�P�O�T �C�P�V�O�E �X�J�U�I�J�O �U�I�F �J�O�O�F�S �T�I�F�M�M�T �P�G �U�I�F �B�U�P�N�T �B�S�F �F�Y�D�J�U�F�E�� �$�P�O�T�F�R�V�F�O�U�M�Z�
 �W�B�D�B�O�D�J�F�T �B�S�F

�D�S�F�B�U�F�E �J�O �U�I�F�T�F �J�O�O�F�S �T�I�F�M�M�T�� �&�M�F�D�U�S�P�O�T �G�S�P�N �U�I�F �P�V�U�F�S �T�I�F�M�M�T �U�S�B�O�T�J�U �U�P �P�M�M �U�I�F�T�F �W�B�D�B�O�D�J�F�T�


�F�N�J�U�U�J�O�H �9���S�B�Z�T �J�O �U�I�F �Q�S�P�D�F�T�T�� �5�I�F �F�O�F�S�H�Z �P�G �U�I�F�T�F �F�N�J�U�U�F�E �9���S�B�Z�T �J�T �F�R�V�J�W�B�M�F�O�U �U�P �U�I�F �F�O��

�F�S�H�Z �E�J�O�F�S�F�O�D�F �C�F�U�X�F�F�O �U�I�F �U�X�P �F�O�F�S�H�Z �M�F�W�F�M�T�
 �X�I�J�D�I �B�S�F �E�F�P�O�F�E �C�Z �U�I�F �Q�S�J�O�D�J�Q�B�M �R�V�B�O�U�V�N

�O�V�N�C�F�Sn�� �5�I�F �R�V�B�O�U�V�N �O�V�N�C�F�S�Tn = 1, 2, 3�
 �B�O�E4 �B�S�F �S�F�T�Q�F�D�U�J�W�F�M�Z �S�F�Q�S�F�T�F�O�U�F�E �C�Z �,�
 �-�


�.�
 �B�O�E �/ �T�I�F�M�M�T�� �" �T�D�I�F�N�B�U�J�D �E�J�B�H�S�B�N �J�M�M�V�T�U�S�B�U�J�O�H �U�I�F �Q�S�P�D�F�T�T �P�G �H�F�O�F�S�B�U�J�O�H �E�J�O�F�S�F�O�U �D�I�B�S��

�B�D�U�F�S�J�T�U�J�D �9���S�B�Z�T �J�T �T�I�P�X�O �J�O �'�J�H���������	�B�
 �� �'�P�S �J�O�T�U�B�O�D�F�
 �X�I�F�O �B�O �F�M�F�D�U�S�P�O �U�S�B�O�T�J�U�T�G�S�P�N �U�I�F �-

�U�P �U�I�F �, �T�I�F�M�M�
 �U�I�F �F�N�J�U�U�F�E �9���S�B�Z �J�T �E�F�T�J�H�O�B�U�F�E �B�T �,a�� �4�J�N�J�M�B�S�M�Z�
 �X�I�F�O �U�I�F �U�S�B�O�T�J�U�J�P�O �P�D�D�V�S�T

�G�S�P�N �U�I�F �. �U�P �U�I�F �, �T�I�F�M�M�
 �U�I�F �S�F�T�V�M�U�B�O�U �9���S�B�Z �J�T �M�B�C�F�M�F�E �B�T �,b�� �"�O�B�M�P�H�P�V�T�M�Z�
 �U�S�B�O�T�J�U�J�P�O�T �G�S�P�N

�U�I�F �. �B�O�E �/ �T�I�F�M�M�T �U�P �U�I�F �- �T�I�F�M�M �Z�J�F�M�E �-a �B�O�E �-b �9���S�B�Z�T�
 �S�F�T�Q�F�D�U�J�W�F�M�Z�� �4�J�O�D�F �F�B�D�I �F�M�F�N�F�O�U

�J�O �U�I�F �Q�F�S�J�P�E�J�D �U�B�C�M�F �Q�P�T�T�F�T�T�F�T �B �E�J�T�U�J�O�D�U �B�U�P�N�J�D �T�U�S�V�D�U�V�S�F�
 �U�I�F �E�F�U�F�D�U�J�P�O �P�G �D�I�B�S�B�D�U�F�S�J�T�U�J�D

�9���S�B�Z�T �F�N�J�U�U�F�E �G�S�P�N �B �T�B�N�Q�M�F �F�O�B�C�M�F�T �U�I�F �J�E�F�O�U�J�P�D�B�U�J�P�O �P�G �U�I�F �F�M�F�N�F�O�U�T �Q�S�F�T�F�O�U �X�J�U�I�J�O �J�U��

�*�O �'�J�H���������	�D�
�
 �B �U�Z�Q�J�D�B�M �&�O�F�S�H�Z �%�J�T�Q�F�S�T�J�W�F �9���S�B�Z �4�Q�F�D�U�S�P�T�D�P�Q�Z �	�&�%�9�
 �J�N�B�H�F �J�T �E�J�T�Q�M�B�Z�F�E�


�J�M�M�V�T�U�S�B�U�J�O�H �D�I�B�S�B�D�U�F�S�J�T�U�J�D �9���S�B�Z �Q�F�B�L�T �T�V�D�I �B�T �,a�
 �,b�
 �-a�
 �B�O�E �-b �D�P�S�S�F�T�Q�P�O�E�J�O�H �U�P �E�J�O�F�S�F�O�U

�F�M�F�N�F�O�U�T �X�J�U�I�J�O �U�I�F �T�B�N�Q�M�F �	�J�O �U�I�J�T �J�O�T�U�B�O�D�F�
 �'�F �B�O�E �4�O�
�� �5�I�F �J�O�U�F�O�T�J�U�Z �P�G �B �T�Q�F�D�J�P�D �9���S�B�Z

�Q�F�B�L �J�T �J�O�Q�V�F�O�D�F�E �C�Z �U�I�F �M�J�L�F�M�J�I�P�P�E �P�G �B �Q�B�S�U�J�D�V�M�B�S �F�M�F�D�U�S�P�O �U�S�B�O�T�J�U�J�P�O�� �(�F�O�F�S�B�M�M�Z�
 �U�S�B�O�T�J�U�J�P�O�T

�G�S�P�N �U�I�F �- �U�P �, �T�I�F�M�M �F�Y�I�J�C�J�U �I�J�H�I�F�S �Q�S�P�C�B�C�J�M�J�U�J�F�T �U�I�B�O �U�I�P�T�F �G�S�P�N �U�I�F �. �U�P �, �T�I�F�M�M�� �$�P�O�T�F��

�R�V�F�O�U�M�Z�
 �,a �Q�F�B�L�T �U�F�O�E �U�P �I�B�W�F �I�J�H�I�F�S �J�O�U�F�O�T�J�U�J�F�T �D�P�N�Q�B�S�F�E �U�P �,b �Q�F�B�L�T �G�P�S �C�P�U�I �'�F �B�O�E �4�O��

�'�P�S �R�V�B�O�U�J�U�B�U�J�W�F �B�O�B�M�Z�T�J�T�
 �U�I�F �C�B�D�L�H�S�P�V�O�E �J�O�U�F�O�T�J�U�Z �<�E�F�Q�J�D�U�F�E �C�Z �U�I�F �C�M�B�D�L �M�J�O�F �J�O �'�J�H���������	�C�


�&�%�9 �T�Q�F�D�U�S�B�> �J�T �J�O�J�U�J�B�M�M�Z �T�V�C�U�S�B�D�U�F�E �G�S�P�N �U�I�F �B�D�R�V�J�S�F�E �T�Q�F�D�U�S�V�N�� �4�V�C�T�F�R�V�F�O�U�M�Z�
 �U�I�F �S�F�M�B�U�J�W�F

�J�O�U�F�O�T�J�U�Z �P�G �U�I�F �Q�F�B�L�T �P�S�J�H�J�O�B�U�J�O�H �G�S�P�N �W�B�S�J�P�V�T �F�M�F�N�F�O�U�T �Q�S�P�W�J�E�F�T �U�I�F �X�F�J�H�I�U �Q�F�S�D�F�O�U�B�H�F��

�5�I�F �B�U�P�N�J�D �Q�F�S�D�F�O�U�B�H�F �J�T �U�I�F�O �E�F�U�F�S�N�J�O�F�E �C�Z �E�J�W�J�E�J�O�H �U�I�F �D�P�S�S�F�T�Q�P�O�E�J�O�H �B�U�P�N�J�D �X�F�J�H�I�U �P�G

�F�B�D�I �F�M�F�N�F�O�U��

����



�'�J�H�V�S�F ���������	�B�
 �%�J�O�F�S�F�O�U �F�O�F�S�H�Z �M�F�W�F�M�T �P�G �F�M�F�D�U�S�P�O�T �B�O�E �U�S�B�O�T�J�U�J�P�O �U�P �M�P�X�F�S �F�O�F�S�H�Z �M�F�W�F�M�T
�H�F�O�F�S�B�U�F�E �,�
�- �M�J�O�F�T�� �	�C�
 �4�D�I�F�N�B�U�J�D �E�J�B�H�S�B�N �P�G �T�D�B�O�O�J�O�H �F�M�F�D�U�S�P�O �N�J�D�S�P�T�D�P�Q�F�� �	�D�
 �" �U�Z�Q�J�D�B�M
�&�%�9�4 �T�Q�F�D�U�S�V�N �D�P�O�U�B�J�O�J�O�H �D�I�B�S�B�D�U�F�S�J�T�U�J�D �9���S�B�Z�T �F�N�J�U�U�F�E �G�S�P�N �F�M�F�N�F�O�U�T��

����



������ �'�J�F�M�E �&�N�J�T�T�J�P�O �4�D�B�O�O�J�O�H �&�M�F�D�U�S�P�O �.�J�D�S�P�T�D�P�Q�Z �	�'�&�4�&�.�


�� �*�U �J�T �B �Q�P�X�F�S�G�V�M �J�N�B�H�J�O�H �U�F�D�I�O�J�R�V�F �V�T�F�E �G�P�S �I�J�H�I���S�F�T�P�M�V�U�J�P�O �W�J�T�V�B�M�J�[�B�U�J�P�O �P�G �U�I�F �T�V�S�G�B�D�F

�N�P�S�Q�I�P�M�P�H�Z �P�G �N�B�U�F�S�J�B�M�T �B�U �O�B�O�P�N�F�U�F�S �T�D�B�M�F�T�� �*�U �P�Q�F�S�B�U�F�T �P�O �U�I�F �Q�S�J�O�D�J�Q�M�F �P�G �T�D�B�O�O�J�O�H �F�M�F�D��

�U�S�P�O �N�J�D�S�P�T�D�P�Q�Z �	�4�&�.�
�
 �X�I�F�S�F �B �G�P�D�V�T�F�E �C�F�B�N �P�G �F�M�F�D�U�S�P�O�T �J�T �T�D�B�O�O�F�E �P�W�F�S �U�I�F �T�V�S�G�B�D�F �P�G

�B �T�B�N�Q�M�F�
 �B�O�E �U�I�F �S�F�T�V�M�U�J�O�H �T�J�H�O�B�M�T �B�S�F �V�T�F�E �U�P �H�F�O�F�S�B�U�F �J�N�B�H�F�T �X�J�U�I �I�J�H�I �T�Q�B�U�J�B�M �S�F�T�P�M�V��

�U�J�P�O�� �'�&�4�&�. �P�O�F�S�T �T�F�W�F�S�B�M �B�E�W�B�O�U�B�H�F�T �P�W�F�S �D�P�O�W�F�O�U�J�P�O�B�M �4�&�.�
 �Q�S�J�N�B�S�J�M�Z �E�V�F �U�P �J�U�T �V�T�F �P�G �B

�P�F�M�E �F�N�J�T�T�J�P�O �F�M�F�D�U�S�P�O �T�P�V�S�D�F�� �5�I�J�T �T�P�V�S�D�F �Q�S�P�E�V�D�F�T �B �I�J�H�I�M�Z �G�P�D�V�T�F�E �F�M�F�D�U�S�P�O �C�F�B�N �X�J�U�I �B

�T�N�B�M�M�F�S �Q�S�P�C�F �T�J�[�F �B�O�E �I�J�H�I�F�S �D�V�S�S�F�O�U �E�F�O�T�J�U�Z �D�P�N�Q�B�S�F�E �U�P �D�P�O�W�F�O�U�J�P�O�B�M �4�&�.�
 �F�O�B�C�M�J�O�H �F�O��

�I�B�O�D�F�E �J�N�B�H�J�O�H �S�F�T�P�M�V�U�J�P�O �B�O�E �T�F�O�T�J�U�J�W�J�U�Z �U�P �T�V�S�G�B�D�F �G�F�B�U�V�S�F�T�� �*�U �Q�S�P�W�J�E�F�T �F�Y�D�F�Q�U�J�P�O�B�M �J�N�B�H��

�J�O�H �S�F�T�P�M�V�U�J�P�O�
 �U�Z�Q�J�D�B�M�M�Z �J�O �U�I�F �S�B�O�H�F �P�G �B �G�F�X �O�B�O�P�N�F�U�F�S�T �U�P �T�V�C���O�B�O�P�N�F�U�F�S �M�F�W�F�M�� �*�U �J�T �I�J�H�I�M�Z

�T�F�O�T�J�U�J�W�F �U�P �T�V�S�G�B�D�F �G�F�B�U�V�S�F�T �B�O�E �D�B�O �S�F�W�F�B�M �T�V�S�G�B�D�F �N�P�S�Q�I�P�M�P�H�Z�
 �U�F�Y�U�V�S�F�
 �B�O�E �D�P�N�Q�P�T�J�U�J�P�O

�X�J�U�I �H�S�F�B�U �Q�S�F�D�J�T�J�P�O�� �5�I�J�T �U�F�D�I�O�J�R�V�F �B�M�T�P �D�B�O �E�F�U�F�D�U �U�I�F �T�V�S�G�B�D�F �Q�S�P�Q�F�S�U�J�F�T �T�V�D�I �B�T �S�P�V�H�I��

�O�F�T�T�
 �Q�P�S�P�T�J�U�Z�
 �B�O�E �T�V�S�G�B�D�F �E�F�G�F�D�U�T�� �'�&�4�&�. �T�V�Q�Q�P�S�U�T �W�B�S�J�P�V�T �J�N�B�H�J�O�H �N�P�E�F�T�
 �J�O�D�M�V�E�J�O�H �T�F�D��

�P�O�E�B�S�Z �F�M�F�D�U�S�P�O �	�4�&�
 �J�N�B�H�J�O�H�
 �C�B�D�L�T�D�B�U�U�F�S�F�E �F�M�F�D�U�S�P�O �	�#�4�&�
 �J�N�B�H�J�O�H�
 �B�O�E �F�O�F�S�H�Z���E�J�T�Q�F�S�T�J�W�F

�9���S�B�Z �T�Q�F�D�U�S�P�T�D�P�Q�Z �	�&�%�4�
 �G�P�S �F�M�F�N�F�O�U�B�M �B�O�B�M�Z�T�J�T�� �&�B�D�I �J�N�B�H�J�O�H �N�P�E�F �P�O�F�S�T �V�O�J�R�V�F �J�O�T�J�H�I�U�T

�J�O�U�P �T�B�N�Q�M�F �D�I�B�S�B�D�U�F�S�J�T�U�J�D�T �B�O�E �D�P�N�Q�P�T�J�U�J�P�O�� �'�J�H�V�S�F���������	�D�
 �T�I�P�X�T �B �T�D�I�F�N�B�U�J�D �Q�S�F�T�F�O�U�B�U�J�P�O

�P�G �E�J�O�F�S�F�O�U �D�P�N�Q�P�O�F�O�U�T �P�G �'�&�4�&�. �J�O�T�U�S�V�N�F�O�U�� �'�J�S�T�U�
 �U�I�F �F�M�F�D�U�S�P�O �H�V�O �F�N�J�U�T �U�I�F �I�J�H�I���F�O�F�S�H�Z

�F�M�F�D�U�S�P�O�T �X�I�J�D�I �B�S�F �U�I�F�O �Q�S�J�N�B�S�J�M�Z �G�P�D�V�T�F�E �C�Z �U�I�F �N�B�H�O�F�U�J�D �M�F�O�T�F�T �B�O�E �B�G�U�F�S �P�O�F �U�V�O�J�O�H �C�Z

�U�I�F �T�F�D�P�O�E�B�S�Z �D�P�J�M�T �B�O�E �U�I�F �P�C�K�F�D�U�J�W�F �M�F�O�T�F�T �J�U �G�B�M�M�T �P�O �U�I�F �T�V�S�G�B�D�F �P�G �U�I�F �T�Q�F�D�J�N�F�O �P�S �T�B�N�Q�M�F��

�*�O �U�I�J �X�B�Z �P�O�F �D�B�O �J�E�F�O�U�J�G�Z �U�I�F �T�V�S�G�B�D�F �N�P�S�Q�I�P�M�P�H�Z��

������ �.�B�H�O�F�U�J�D �.�F�B�T�V�S�F�N�F�O�U�T

�5�I�F �N�B�H�O�F�U�J�D �N�F�B�T�V�S�F�N�F�O�U�T �B�S�F �D�B�S�S�J�F�E �P�V�U �V�T�J�O�H �U�I�F �W�J�C�S�B�U�J�O�H �4�B�N�Q�M�F �.�B�H�O�F�U�P�N�F�U�S�Z �	�7�4�.�
��

�5�I�F �7�4�. �X�P�S�L�T �P�O �U�I�F �N�F�U�I�P�E �P�G �W�B�S�Z�J�O�H �N�B�H�O�F�U�J�D �P�F�M�E�
 �X�I�J�M�F �T�J�N�V�M�U�B�O�J�P�V�T�M�Z �E�F�U�F�D�U�J�O�H

�U�I�F �N�B�H�O�F�U�J�[�B�U�J�P�O �S�F�T�Q�P�O�T�F�� �'�B�S�B�E�B�Z�•�T �M�B�X �T�U�B�U�F�T �U�I�B�U �B �D�I�B�O�H�J�O�H �N�B�H�O�F�U�J�D �P�F�M�E �J�O�E�V�D�F�T �B�O

�F�M�F�D�U�S�P�N�P�U�J�W�F �G�P�S�D�F �	�&�.�'�
 �J�O �B �D�M�P�T�F�E �D�J�S�D�V�J�U�� �5�I�J�T �J�O�E�V�D�F�E �&�.�' �D�B�O �S�F�T�V�M�U �J�O �U�I�F �Q�P�X �P�G

�F�M�F�D�U�S�J�D �D�V�S�S�F�O�U �J�G �U�I�F �D�J�S�D�V�J�U �J�T �D�M�P�T�F�E�� �*�O �U�I�F �D�P�O�U�F�Y�U �P�G �7�4�.�
 �X�I�F�O �B �W�B�S�Z�J�O�H �N�B�H�O�F�U�J�D

�P�F�M�E �J�T �B�Q�Q�M�J�F�E �U�P �U�I�F �T�B�N�Q�M�F�
 �U�I�F �N�B�H�O�F�U�J�D �N�P�N�F�O�U�T �X�J�U�I�J�O �U�I�F �T�B�N�Q�M�F �S�F�T�Q�P�O�E �C�Z �B�M�J�H�O�J�O�H

�U�I�F�N�T�F�M�W�F�T �X�J�U�I �U�I�F �E�J�S�F�D�U�J�P�O �P�G �U�I�F �B�Q�Q�M�J�F�E �P�F�M�E�� �5�I�J�T �B�M�J�H�O�N�F�O�U �Q�S�P�D�F�T�T �J�O�W�P�M�W�F�T �D�I�B�O�H�F�T

�J�O �U�I�F �N�B�H�O�F�U�J�D �Q�V�Y �Q�B�T�T�J�O�H �U�I�S�P�V�H�I �U�I�F �T�B�N�Q�M�F�� �"�D�D�P�S�E�J�O�H �U�P �'�B�S�B�E�B�Z�•�T �M�B�X�
 �U�I�J�T �D�I�B�O�H�J�O�H

�N�B�H�O�F�U�J�D �Q�V�Y �J�O�E�V�D�F�T �B�O �&�.�' �J�O �U�I�F �E�F�U�F�D�U�J�P�O �D�P�J�M �	�Q�J�D�L���V�Q �D�P�J�M�
 �P�S �T�F�O�T�P�S �P�G �U�I�F �7�4�. �T�Z�T��

�U�F�N�� �*�G �U�I�F �N�B�H�O�F�U�J�D �Q�V�Y �Q�B�T�T�J�O�H �U�I�S�P�V�H�I �U�I�F �D�P�J�M �J�T �E�F�O�P�U�F�E �B�TF B�
 �U�I�F�O �U�I�F �F�M�F�D�U�S�P�N�P�U�J�W�F

�G�P�S�D�F �	�&�.�'�
�
 �S�F�Q�S�F�T�F�O�U�F�E �B�Te�
 �H�F�O�F�S�B�U�F�E �J�O �U�I�F �D�P�J�M �D�B�O �C�F �F�Y�Q�S�F�T�T�F�E �B�Te = � dF B
dt �� �)�F�S�F�


dF B
dt �T�J�H�O�J�P�F�T �U�I�F �S�B�U�F �B�U �X�I�J�D�I �U�I�F �N�B�H�O�F�U�J�D �Q�V�Y �D�I�B�O�H�F�T �X�J�U�I �U�J�N�F�� �'�P�M�M�P�X�J�O�H �U�I�F �-�F�O�[�•�T

�M�B�X�
 �U�I�F �E�J�S�F�D�U�J�P�O �P�G �U�I�F �J�O�E�V�D�F�E �D�V�S�S�F�O�U �Q�P�X �G�S�P�N �U�I�F �&�.�' �J�T �E�F�U�F�S�N�J�O�F�E�� �"�T �B �S�F�T�V�M�U�


����



�'�J�H�V�S�F ���������	�-�F�G�U�
 �4�D�I�F�N�B�U�J�D �E�J�B�H�S�B�N �P�G �7�4�. �J�O�T�U�S�V�N�F�O�U�� �	�3�J�H�I�U�
 �2�V�B�O�U�V�N �%�F�T�J�H�O �	���5
�%�Z�O�B�D�P�P�M�
 �1�I�Z�T�J�D�B�M �Q�S�P�Q�F�S�U�J�F�T �N�F�B�T�V�S�F�N�F�O�U �T�Z�T�U�F�N �	�1�1�.�4�
 �B�U �4�/�#�/�$�#�4

�U�I�F �J�O�E�V�D�F�E �D�V�S�S�F�O�U �Q�P�X�T �J�O �T�V�D�I �B �E�J�S�F�D�U�J�P�O �U�I�B�U �J�U �Q�S�P�E�V�D�F�T �B �N�B�H�O�F�U�J�D �P�F�M�E �P�Q�Q�P�T�J�O�H �U�I�F

�W�B�S�Z�J�O�H �B�Q�Q�M�J�F�E �N�B�H�O�F�U�J�D �P�F�M�E �Q�B�T�T�J�O�H �U�I�S�P�V�H�I �U�I�F �D�P�J�M��

�7�B�S�J�P�V�T �D�P�N�Q�P�O�F�O�U�T �P�G �B �7�4�. �T�F�U�V�Q �B�S�F �J�M�M�V�T�U�S�B�U�F�E �J�O �'�J�H���������� �5�I�F �N�B�H�O�F�U�J�D �T�B�N�Q�M�F

�J�T �P�Y�F�E �U�P �B �O�P�O���N�B�H�O�F�U�J�D �T�U�J�D�L�
 �X�I�J�D�I �J�T �D�P�O�O�F�D�U�F�E �U�P �U�I�F �W�J�C�S�B�U�J�P�O �V�O�J�U �P�G �U�I�F �T�F�U�V�Q �	�7�4�.

�N�P�E�V�M�F�
�� �5�I�J�T �T�U�J�D�L �J�T �U�I�F�O �J�O�T�F�S�U�F�E �U�P �B �T�V�Q�F�S�D�P�O�E�V�D�U�J�O�H �N�B�H�O�F�U �X�I�F�S�F �N�B�H�O�F�U�J�D �P�F�M�E �J�T

�V�O�J�G�P�S�N�� �5�I�F �F�Y�U�F�S�O�B�M �N�B�H�O�F�U�J�D �P�F�M�E �T�P�N�F�X�I�B�U �B�M�J�H�O�T �U�I�F �N�B�H�O�F�U�J�[�B�U�J�P�O �B�M�P�O�H �U�I�F �P�F�M�E�� �"�T

�U�I�F �T�B�N�Q�M�F �P�T�D�J�M�M�B�U�F�T �V�Q �B�O�E �E�P�X�O �B�U �I�J�H�I �T�Q�F�F�E�
 �U�I�F �N�B�H�O�F�U�J�D �P�F�M�E �H�F�O�F�S�B�U�F�E �C�Z �U�I�F �N�B�H��

�O�F�U�J�D �N�P�N�F�O�U �P�G �U�I�F �T�B�N�Q�M�F �D�I�B�O�H�F�T �X�J�U�I �U�J�N�F�� �5�I�J�T �B�M�U�F�S�O�B�U�J�O�H �N�B�H�O�F�U�J�D �P�F�M�E �G�S�P�N �U�I�F

�T�B�N�Q�M�F �J�O�E�V�D�F�T �B�O �F�M�F�D�U�S�J�D �P�F�M�E �J�O �U�I�F �Q�J�D�L�V�Q �D�P�J�M�T �P�G �U�I�F �T�F�U�V�Q �B�D�D�P�S�E�J�O�H �U�P �'�B�S�B�E�B�Z�•�T �M�B�X

�P�G �J�O�E�V�D�U�J�P�O�� �5�I�F �W�P�M�U�B�H�F �H�F�O�F�S�B�U�F�E �J�O �U�I�F �Q�J�D�L�V�Q �D�P�J�M�
 �E�F�O�P�U�F�E �B�TV�D�P�J�M�
 �D�B�O �C�F �F�Y�Q�S�F�T�T�F�E �B�T
dF B
dt �� �&�Y�Q�S�F�T�T�F�E �J�O �U�F�S�N�T �P�G �U�I�F �W�F�S�U�J�D�B�M �Q�P�T�J�U�J�P�O �P�G �U�I�F �T�B�N�Q�M�F �	z�
�
dF B

dt �D�B�O �B�M�T�P �C�F �X�S�J�U�U�F�O

�B�TdF B
dz

dz
dt �� �$�P�O�T�F�R�V�F�O�U�M�Z�
 �G�P�S �B �T�B�N�Q�M�F �P�T�D�J�M�M�B�U�J�O�H �T�J�O�V�T�P�J�E�B�M�M�Z �B�U �B �G�S�F�R�V�F�O�D�Zf �B�O�E �B�N�Q�M�J��

�U�V�E�FA�
 �U�I�F �J�O�E�V�D�F�E �W�P�M�U�B�H�F �D�B�O �C�F �S�F�Q�S�F�T�F�O�U�F�E �B�TV�D�P�J�M= 2p f CmA sin(2p f t)�
 �X�I�F�S�FC

�J�T �U�I�F �D�P�V�Q�M�J�O�H �D�P�O�T�U�B�O�U�
 �B�O�Em �J�T �U�I�F �T�B�N�Q�M�F�•�T �N�B�H�O�F�U�J�D �N�P�N�F�O�U �J�O�U�F�O�E�F�E �U�P �C�F �N�F�B�T�V�S�F�E��

�5�I�V�T�
 �G�S�P�N �U�I�F �D�P�J�M �W�P�M�U�B�H�F�
 �U�I�F �T�B�N�Q�M�F �N�B�H�O�F�U�J�[�B�U�J�P�O �B�U �B�O �B�Q�Q�M�J�F�E �N�B�H�O�F�U�J�D �P�F�M�E �D�B�O �C�F

�E�F�U�F�S�N�J�O�F�E��

�0�V�S �N�B�H�O�F�U�J�[�B�U�J�P�O �N�F�B�T�V�S�F�N�F�O�U�T �X�F�S�F �D�P�O�E�V�D�U�F�E �V�T�J�O�H �U�I�F �7�4�. �F�N�C�F�E�E�F�E �J�O �U�I�F �2�V�B�O��

�U�V�N �%�F�T�J�H�O �1�I�Z�T�J�D�B�M �1�S�P�Q�F�S�U�Z �.�F�B�T�V�S�F�N�F�O�U �4�Z�T�U�F�N �	�1�1�.�4�
�
 �X�I�F�S�F �N�B�H�O�F�U�J�D �P�F�M�E�T �X�F�S�F

�W�B�S�J�F�E �V�Q �U�P �� �5 �B�D�S�P�T�T �B �U�F�N�Q�F�S�B�U�V�S�F �S�B�O�H�F �G�S�P�N �� �, �U�P ������ �,�� �%�V�S�J�O�H �U�I�F �N�F�B�T�V�S�F�N�F�O�U�T�


����



�U�I�F �T�B�N�Q�M�F �V�O�E�F�S�X�F�O�U �P�T�D�J�M�M�B�U�J�P�O �X�J�U�I �B �G�S�F�R�V�F�O�D�Z �P�Gf = 40�)�[ �V�T�J�O�H �U�I�F �7�4�. �M�J�O�F�B�S �N�P��

�U�P�S�� �5�I�J�T �W�J�C�S�B�U�J�P�O �H�F�O�F�S�B�U�F�E �B �W�P�M�U�B�H�F �J�O �U�I�F �Q�J�D�L�V�Q �D�P�J�M�T�� �5�I�F �T�F�U�V�Q �J�T �D�B�Q�B�C�M�F �P�G �E�F�U�F�D�U�J�O�H

�F�Y�U�S�F�N�F�M�Z �M�P�X �N�B�H�O�F�U�J�D �N�P�N�F�O�U�T�
 �E�P�X�O �U�P �U�I�F �P�S�E�F�S �P�G10� 6 �F�N�V�� �.�P�S�F�P�W�F�S�
 �U�I�F �1�1�.�4

�J�O�D�M�V�E�F�T �B �7�4�. �P�W�F�O �P�Q�U�J�P�O�
 �F�O�B�C�M�J�O�H �7�4�. �N�F�B�T�V�S�F�N�F�O�U�T �U�P �C�F �D�P�O�E�V�D�U�F�E �B�U �F�M�F�W�B�U�F�E �U�F�N��

�Q�F�S�B�U�V�S�F�T �S�B�O�H�J�O�H �G�S�P�N ������ �, �U�P �������� �,��

������ �&�M�F�D�U�S�J�D�B�M �5�S�B�O�T�Q�P�S�U �.�F�B�T�V�S�F�N�F�O�U�T

�*�O �N�F�U�B�M�T �P�S �M�P�X �C�B�O�E���H�B�Q �T�F�N�J�D�P�O�E�V�D�U�P�S�T�
 �U�I�F �D�I�B�S�H�F �D�B�S�S�J�F�S�T �G�S�F�F�M�Z �N�P�W�F �J�O�T�J�E�F �U�I�F �T�Z�T�U�F�N

�S�B�O�E�P�N�M�Z �J�O �B�C�T�F�O�D�F �P�G �B�O�Z �F�Y�U�F�S�O�B�M �G�P�S�D�F�� �6�O�E�F�S �U�I�F �F�Y�U�F�S�O�B�M �G�P�S�D�F �	�F�M�F�D�U�S�J�D �P�S �N�B�H�O�F�U�J�D

�P�F�M�E�
 �U�I�F �D�I�B�S�H�F �D�B�S�S�J�F�S�T �J�O�T�J�E�F �U�I�F �N�B�U�F�S�J�B�M�T �X�J�M�M �T�U�B�S�U�T �U�P �G�P�M�M�P�X �J�O �B �T�Q�F�D�J�P�D �Q�B�U�I �B�O�E

�F�O�D�P�V�O�U�F�S �X�J�U�I �T�F�W�F�S�B�M �J�O�U�F�S�B�D�U�J�P�O�T �T�V�D�I �B�T �F�M�F�D�U�S�P�O���F�M�F�D�U�S�P�O �<�����
�����>�
 �F�M�F�D�U�S�P�O���Q�I�P�O�P�O �<�����


�����>�
 �F�M�F�D�U�S�P�O���T�Q�J�O �<�����>�
 �B�O�E �F�M�F�D�U�S�P�O���I�P�M�F �<�����>�� �5�I�F�T�F �M�P�X �F�O�F�S�H�Z �J�O�U�F�S�B�D�U�J�P�O�T �J�O�Q�V�F�O�D�F �U�I�F

�F�M�F�D�U�S�J�D�B�M �S�F�T�J�T�U�J�W�J�U�Z�� �5�I�F�S�F�G�P�S�F�
 �U�I�F �F�M�F�D�U�S�J�D�B�M �S�F�T�J�T�U�J�W�J�U�Z �N�F�B�T�V�S�F�N�F�O�U �J�T �B�O �J�N�Q�P�S�U�B�O�U �U�P�P�M

�P�G �T�U�V�E�Z�J�O�H �U�I�P�T�F �J�O�U�F�S�B�D�U�J�P�O�T�� �5�I�F�S�F �B�S�F �N�B�J�O�M�Z �U�X�P �N�F�U�I�P�E�T �F�Y�J�T�U �U�P �N�F�B�T�V�S�F �U�I�F �F�M�F�D�U�S�J�D�B�M

�S�F�T�J�T�U�J�W�J�U�Z �P�G �B �T�B�N�Q�M�F�
 �	�J�
 �M�J�O�F�B�S �G�P�V�S���Q�S�P�C�F �N�F�U�I�P�E�
 �	�J�J�
 �7�B�O �E�F�S �1�B�V�X �N�F�U�I�P�E�� �'�P�S �N�Z

�U�S�B�O�T�Q�P�S�U �N�F�B�T�V�S�F�N�F�O�U�T�
 �* �N�B�J�O�M�Z �V�T�F�E �U�I�F �M�J�O�F�B�S �G�P�V�S���Q�S�P�C�F �U�F�D�I�O�J�R�V�F

���������� �-�J�O�F�B�S �G�P�V�S �Q�S�P�C�F �N�F�U�I�P�E

�-�J�O�F�B�S �G�P�V�S���Q�S�P�C�F �U�F�D�I�O�J�R�V�F �J�T �T�V�Q�F�S�J�P�S �D�P�N�Q�B�S�F�E �U�P �U�I�F �M�J�O�F�B�S �U�X�P���Q�S�P�C�F �U�F�D�I�O�J�R�V�F �B�T �U�I�F

�G�P�S�N�F�S �N�J�O�J�N�J�[�F�T �U�I�F �D�P�O�U�B�D�U �S�F�T�J�T�U�B�O�D�F�T �J�O �B �N�V�D�I �C�F�U�U�F�S �X�B�Z�� �5�I�F �P�V�U�F�S �Q�S�P�C�F�T �J�O�K�F�D�U

�B �L�O�P�X�O �D�V�S�S�F�O�U �J�O�U�P �U�I�F �N�B�U�F�S�J�B�M�
 �X�I�J�M�F �U�I�F �J�O�O�F�S �Q�S�P�C�F�T �N�F�B�T�V�S�F �U�I�F �W�P�M�U�B�H�F�� �5�I�J�T �D�P�O��

�P�H�V�S�B�U�J�P�O �F�O�T�V�S�F�T �U�I�B�U �U�I�F �W�P�M�U�B�H�F �E�S�P�Q �B�D�S�P�T�T �U�I�F �D�P�O�U�B�D�U�T �E�P�F�T �O�P�U �B�O�F�D�U �U�I�F �B�D�D�V�S�B�D�Z �P�G

�U�I�F �S�F�T�J�T�U�J�W�J�U�Z �N�F�B�T�V�S�F�N�F�O�U�� �5�I�F �G�P�V�S���Q�S�P�C�F �T�F�U�V�Q �F�M�J�N�J�O�B�U�F�T �U�I�F �F�O�F�D�U�T �P�G �M�F�B�E �S�F�T�J�T�U�B�O�D�F�


�X�I�J�D�I �D�B�O �E�J�T�U�P�S�U �N�F�B�T�V�S�F�N�F�O�U�T �J�O �U�S�B�E�J�U�J�P�O�B�M �U�X�P���Q�S�P�C�F �N�F�U�I�P�E�T�� �-�F�B�E �S�F�T�J�T�U�B�O�D�F �S�F�G�F�S�T �U�P

�U�I�F �S�F�T�J�T�U�B�O�D�F �P�G �U�I�F �X�J�S�F�T �D�P�O�O�F�D�U�J�O�H �U�I�F �Q�S�P�C�F�T �U�P �U�I�F �N�F�B�T�V�S�F�N�F�O�U �J�O�T�U�S�V�N�F�O�U�T�� �'�J�H�V�S�F

�������S�F�Q�S�F�T�F�O�U�T �U�I�F �G�P�V�S���Q�S�P�C�F �N�F�B�T�V�S�F�N�F�O�U �T�F�U���V�Q��

�5�I�F �G�P�V�S���Q�S�P�C�F �N�F�B�T�V�S�F�N�F�O�U �T�F�U���V�Q �I�B�T �E�J�O�F�S�F�O�U �D�P�N�Q�P�O�F�O�U�T �O�F�D�F�T�T�B�S�Z �U�P �C�V�J�M�E �U�F�N��

�Q�F�S�B�U�V�S�F �E�F�Q�F�O�E�F�O�U �S�F�T�J�T�U�J�W�J�U�Z �N�F�B�T�V�S�F�N�F�O�U �F�R�V�J�Q�N�F�O�U��

�	�J�
�4�B�N�Q�M�F �Q�S�F�Q�B�S�B�U�J�P�O�� �'�J�S�T�U�
 �X�F �O�F�F�E �U�P �N�B�L�F �U�I�F �G�P�V�S���Q�S�P�C�F �D�P�O�O�F�D�U�J�P�O�T �U�P �U�I�F �T�B�N��

�Q�M�F�� �$�V���X�J�S�F�T �	����������m�N �E�J�B�N�F�U�F�S�
 �B�S�F �H�F�O�F�S�B�M�M�Z �V�T�F�E �U�P �N�B�L�F �U�I�F �D�P�O�U�B�D�U�T �U�P �U�I�F �T�B�N�Q�M�F��

�5�I�F �$�V���X�J�S�F�T �B�S�F �B�U�U�B�D�I�F�E �V�T�J�O�H �&�Q�P���5�F�L �)�����& �T�J�M�W�F�S���F�Q�P�Y�Z �X�I�F�S�F �U�I�F �S�F�T�J�O �B�O�E �U�I�F �I�B�S�E��

�F�O�F�S �B�S�F �N�J�Y�F�E �X�J�U�I ������ �X�F�J�H�I�U �S�B�U�J�P�� �5�I�F �N�J�Y�U�V�S�F �B�M�P�O�H �X�J�U�I �U�I�F �D�P�O�U�B�D�U�T �B�S�F �D�V�S�F�E �C�Z

�X�B�S�N�J�O�H �J�U �B�U ����0�$ �J�O�T�J�E�F �U�I�F �H�M�P�W�F���C�P�Y �U�P �B�W�P�J�E �B�O�Z �P�Y�J�E�J�[�B�U�J�P�O�� �5�I�F�O�
 �U�I�F �T�B�N�Q�M�F �X�B�T

����



�'�J�H�V�S�F ���������	�B�
 �-�F�G�U �J�N�B�H�F �T�I�P�X�T �T�D�I�F�N�B�U�J�D �Q�S�F�T�F�O�U�B�U�J�P�O �P�G �G�P�V�S���Q�S�P�C�F �D�P�O�O�F�D�U�J�P�O�T �B�O�E
�3�J�H�I�U �J�N�B�H�F �T�I�P�X�T �G�P�V�S���Q�S�P�C�F �D�P�O�O�F�D�U�J�P�O�T �J�O �S�F�B�M �N�B�U�F�S�J�B�M�� �	�C�
 �4�D�I�F�N�B�U�J�D �J�N�B�H�F �P�G �B �U�F�N��
�Q�F�S�B�U�V�S�F �E�F�Q�F�O�E�F�O�U �S�F�T�J�T�U�J�W�J�U�Z �T�F�U���V�Q�� �	�D�
 �5�F�N�Q�F�S�B�U�V�S�F �E�F�Q�F�O�E�F�O�U �S�F�T�J�T�U�J�W�J�U�Z �T�F�U���V�Q �B�U �P�V�S
�-�B�C��

����



�N�P�V�O�U�F�E �P�O �U�I�F �D�S�Z�P�T�U�B�U �C�B�S �V�T�J�O�H �"�Q�J�F�[�P�O �/ �(�S�F�B�T�F �X�I�J�D�I �J�T �B �F�M�F�D�U�S�J�D�B�M �J�O�T�V�M�B�U�P�S �C�V�U �W�F�S�Z

�H�P�P�E �U�I�F�S�N�B�M �D�P�O�E�V�D�U�P�S �U�P �N�B�L�F �U�I�F �T�B�N�Q�M�F �U�I�F�S�N�B�M�M�Z �D�P�O�O�F�D�U�F�E �U�P �U�I�F �D�S�Z�P�T�U�B�U��

�	�J�J�
�$�S�Z�P�T�U�B�U �B�O�E �5�F�N�Q�F�S�B�U�V�S�F �D�P�O�U�S�P�M�M�F�S�� �/�F�Y�U �U�P �W�B�S�Z �U�I�F �T�B�N�Q�M�F �U�F�N�Q�F�S�B�U�V�S�F�
 �U�I�F �D�S�Z�P��

�T�U�B�U �X�B�T �L�F�Q�U �V�O�E�F�S �W�B�D�V�V�N �V�T�J�O�H �1�G�F�J�O�F�S �U�V�S�C�P �Q�V�N�Q �B�O�E �U�I�F �U�I�F �$�S�Z�P�N�F�D�I �D�P�N�Q�S�F�T�T�P�S

�X�B�T �V�T�F�E �U�P �M�P�X�F�S �U�I�F �D�S�Z�P�T�U�B�U �U�F�N�Q�F�S�B�U�V�S�F �U�P ������ �,�� �5�I�F�O �B�O �*�5�$ ������ �1�S�P�Q�P�S�U�J�P�O�B�M�{�J�O�U�F�H�S�B�M�{

�E�F�S�J�W�B�U�J�W�F �	�1�*�%�
 �D�P�O�U�S�P�M�M�F�S �X�B�T �V�T�F�E �U�P �T�X�F�F�Q �U�I�F �U�F�N�Q�F�S�B�U�V�S�F��

�	�J�J�J�
�-�P�D�L���J�O �B�N�Q�M�J���F�S�� �6�T�V�B�M�M�Z�
 �J�O �N�F�U�B�M�M�J�D �T�B�N�Q�M�F�T �U�I�F �S�F�T�J�T�U�B�O�D�F �J�T �W�F�S�Z �M�P�X �	� mW �

mW �S�B�O�H�F�
�� �4�P �J�U�T �W�F�S�Z �I�B�S�E �U�P �V�T�F �D�P�O�W�F�O�U�J�P�O�B�M �N�F�U�I�P�E �X�I�F�S�F �X�F �D�B�O �Q�B�T�T �B �D�V�S�S�F�O�U �B�O�E

�N�F�B�T�V�S�F �U�I�F �W�P�M�U�B�H�F �E�S�P�Q �B�H�B�J�O�T�U �U�I�F �Q�S�P�C�F�T �B�O�E �G�S�P�N �U�I�F�O �X�F �D�B�O �D�B�M�D�V�M�B�U�F �U�I�F �S�F�T�J�T�U�B�O�D�F��

�'�P�S �J�O�T�U�B�O�D�F�
 �J�G �X�F �Q�B�T�T �G�F�X �N�" �D�V�S�S�F�O�U �U�I�F�O �U�I�F �W�P�M�U�B�H�F �E�S�P�Q �X�J�M�M �C�F �	m�7���O�7 �S�B�O�H�F�
 �X�I�J�D�I

�J�T �J�O �U�I�F �S�F�T�P�M�V�U�J�P�O �S�B�O�H�F �P�G �V�T�V�B�M �W�P�M�U���N�F�U�F�S�� �)�F�S�F�
 �X�F �V�T�F �-�P�D�L���J�O �B�N�Q�M�J�P�F�S �X�I�J�D�I �B�N��

�Q�M�J�P�F�T �U�I�F �T�J�H�O�B�M �B�O�E �S�F�E�V�D�F�T �B�O�Z �P�U�I�F�S �O�P�J�T�F �T�J�H�O�B�M�T�� �" �M�P�D�L���J�O �B�N�Q�M�J�P�F�S �V�T�F�T �U�I�F �Q�I�B�T�F

�T�F�O�T�J�U�J�W�F �E�F�U�F�D�U�J�P�O �	�1�4�%�
 �U�F�D�I�O�J�R�V�F�� �'�J�S�T�U�
 �U�I�F �M�P�D�L���J�O �B�N�Q�M�J�P�F�S �N�P�E�V�M�B�U�F�T �U�I�F �J�O�Q�V�U �T�J�H�O�B�M

�P�G �J�O�U�F�S�F�T�U �X�J�U�I �B �S�F�G�F�S�F�O�D�F �T�J�H�O�B�M�� �5�I�J�T �N�P�E�V�M�B�U�J�P�O �J�T �U�Z�Q�J�D�B�M�M�Z �B�D�I�J�F�W�F�E �C�Z �N�V�M�U�J�Q�M�Z�J�O�H �U�I�F

�J�O�Q�V�U �T�J�H�O�B�M �X�J�U�I �B �T�J�O�V�T�P�J�E�B�M �S�F�G�F�S�F�O�D�F �T�J�H�O�B�M �B�U �B �T�Q�F�D�J�P�D �G�S�F�R�V�F�O�D�Z�
 �L�O�P�X�O �B�T �U�I�F �S�F�G�F�S��

�F�O�D�F �G�S�F�R�V�F�O�D�Z�� �$�P�O�T�J�E�F�S �U�I�F �W�P�M�U�B�H�F �P�G �U�I�F �T�B�N�Q�M�F �J�TVsample= Vssin(wst + f s) �B�O�E �U�I�F

�S�F�G�F�S�F�O�D�F �T�J�H�O�B�M �J�TVre f = Vrsin(wr t + f r )�� �"�G�U�F�S �N�V�M�U�J�Q�M�Z�J�O�H �U�I�F�T�F �U�X�P �W�P�M�U�B�H�F�T �X�F �H�F�U

VPSD = VsVrsin(wst + f s)sin(wr t + f r )

=
1
2

VsVrcos[(ws � wr )t + f s � f r ] �
1
2

VsVrcos[(ws + wr )t + f s + f r ]
�	�����������


�*�G �X�F �D�I�P�P�T�Fws = wr �U�I�F�O �U�I�F �B�C�P�W�F �P�V�U�Q�V�U �C�F�D�P�N�F�T

VPSD =
1
2

VsVrcos[f s � f r ] �
1
2

VsVrcos[2wst + f s + f r ] �	�����������


�*�G �U�I�J�T �P�V�U�Q�V�U �J�T �Q�B�T�T�F�T �U�I�S�P�V�H�I �B �M�P�X���Q�B�T�T �P�M�U�F�S�
 �U�I�F�O �X�F �B�S�F �M�F�G�U �X�J�U�IVPSD = 1
2VsVrcos[f s �

f r ]�
 �X�I�J�D�I �J�T �B �E�D �T�J�H�O�B�M�� �4�P�
 �C�Z �V�T�J�O�H �U�I�J�T �N�F�D�I�B�O�J�T�N �X�F �D�B�O �D�M�F�B�S�M�Z �H�F�U �U�I�F �W�P�M�U�B�H�F �X�I�J�M�F

�U�I�F �O�P�J�T�F �T�J�H�O�B�M�T �J�T �P�M�U�F�S�F�E �P�V�U�� �#�Z �D�I�B�O�H�J�O�H �U�I�F �S�F�G�F�S�F�O�D�F �T�J�H�O�B�M �B�N�Q�M�J�U�V�E�F�
 �X�F �D�B�O �B�N�Q�M�J�G�Z

�U�I�F �W�P�M�U�B�H�F �T�J�H�O�B�M�T��

�"�T �G�P�S �U�I�F �S�F�T�J�T�U�J�W�J�U�Z �E�B�U�B �B�D�R�V�J�T�J�U�J�P�O�
 �P�S�T�U �B�O �B�D���W�P�M�U�B�H�F �J�T �Q�B�T�T�F�T �U�I�S�P�V�H�I �B �L�O�P�X�O �T�U�B�O��

�E�B�S�E �S�F�T�J�T�U�B�O�D�F �	Rstd�
 �T�V�C�T�U�B�O�D�F �G�P�M�M�P�X�F�E �C�Z �U�I�F �T�B�N�Q�M�F�� �5�I�F �D�V�S�S�F�O�U �Q�P�X�J�O�H �U�I�S�P�V�H�I �U�I�F

�T�B�N�Q�M�F �D�B�O �C�F �D�B�M�D�V�M�B�U�F�E �B�TI = Vstd
Rstd

�X�I�F�S�FVstd �J�T �W�P�M�U�B�H�F �E�S�P�Q �B�D�S�P�T�T �U�I�F �T�U�B�O�E�B�S�E �S�F�T�J�T��

�U�B�O�D�F �N�F�B�T�V�S�F�E �V�T�J�O�H �,�F�J�U�I�M�Z �������� �E�J�H�J�U�B�M �N�V�M�U�J�N�F�U�F�S �	�%�.�.�
�� �5�I�F �T�B�N�Q�M�F�T �W�P�M�U�B�H�F �P�S�T�U

�Q�B�T�T�F�T �U�I�S�P�V�H�I �B �U�S�B�O�T�G�P�S�N�F�S���C�B�T�F�E �Q�S�F���B�N�Q�M�J�P�F�S �	�4�U�B�O�E�G�P�S�E �3�F�T�F�B�S�D�I �4�Z�T�U�F�N�T ������ �Q�S�F��

�B�N�Q�M�J�P�F�S�
 �X�I�F�S�F �U�I�F �O�P�J�T�F �T�J�H�O�B�M�T �B�S�F �P�M�U�F�S�F�E �P�V�U �B�O�E �U�I�F �W�P�M�U�B�H�F �T�J�H�O�B�M �J�T �B�N�Q�M�J�P�F�E �T�J�H��

�O�J�P�D�B�O�U�M�Z �	������ �U�J�N�F�T�
 �U�I�F�O �F�O�U�F�S �J�O�U�P �U�I�F �M�P�D�L���J�O �B�N�Q�M�J�P�F�S �	�4�U�B�O�E�G�P�S�E �3�F�T�F�B�S�D�I �4�Z�T�U�F�N�T ������

����



�%�4�1 �-�P�D�L���J�O�
�
 �X�I�F�S�F �U�I�F �W�P�M�U�B�H�F �	Vs�
 �J�T �N�F�B�T�V�S�F�E�� �5�I�V�T�
 �U�I�F �S�F�T�J�T�U�B�O�D�F �P�G �U�I�F �T�B�N�Q�M�F �X�P�V�M�E

�C�FRsample = Vs
Vstd

Rstd
100 �� �5�I�F �S�F�T�J�T�U�J�W�J�U�Z �J�T �D�B�M�D�V�M�B�U�F�E �C�Zr =

RsampleA
L �� �)�F�S�F�
A �J�T �D�S�P�T�T�F�D��

�U�J�P�O�B�M �B�S�F�B �B�O�EL �J�T �U�I�F �M�F�O�H�U�I �C�F�U�X�F�F�O �U�I�F �W�P�M�U�B�H�F �Q�S�P�C�F�T �P�G �U�I�F �T�B�N�Q�M�F�� �5�I�F �B�V�U�P�N�B�U�J�P�O

�P�G �U�I�F �J�O�T�U�S�V�N�F�O�U�T �B�O�E �U�I�F �E�B�U�B �B�D�R�V�J�T�J�U�J�P�O �J�T �E�P�O�F �V�T�J�O�H �U�I�F �-�B�C�7�*�&�8 �Q�S�P�H�S�B�N�N�J�O�H �B�O�E
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�5�I�F �H�M�B�T�T�Z���T�Q�J�O �O�B�U�V�S�F �P�G �U�I�F �T�Z�T�U�F�N�T �J�T �G�V�S�U�I�F�S �F�Y�B�N�J�O�F�E �C�Z �Q�F�S�G�P�S�N�J�O�H �N�B�H�O�F�U�J�[�B��

�U�J�P�O �S�F�M�B�Y�B�U�J�P�O �N�F�B�T�V�S�F�N�F�O�U�T �G�P�S �C�P�U�I �.�O3�4�O �B�O�E �.�O2.8�'�F0.2�4�O �B�T �T�I�P�X�O �J�O �'�J�H�T���������	�F�


�B�O�E�������	�G�
�
 �S�F�T�Q�F�D�U�J�W�F�M�Z�
 �N�F�B�T�V�S�F�E �X�J�U�I �B�O �B�Q�Q�M�J�F�E �N�B�H�O�F�U�J�D �P�F�M�E �P�G ������ �0�F �J�O �U�I�F �'�$

�N�P�E�F �B�U �� �,�� �.�B�H�O�F�U�J�[�B�U�J�P�O �S�F�M�B�Y�B�U�J�P�O �G�P�S �B �T�Q�J�O���H�M�B�T�T �T�Z�T�U�F�N �D�B�O �C�F �F�Y�Q�M�B�J�O�F�E �V�T�J�O�H �U�I�F

�4�U�S�F�U�D�I�F�E �G�V�O�D�U�J�P�O�
M (t) = A exp[� ( t
t )a] �<�������>�� �)�F�S�F�
A �J�T �B�O �F�Y�Q�P�O�F�O�U�J�B�M �G�B�D�U�P�S�
t �J�T

�U�I�F �U�J�N�F�
t �J�T �B �D�I�B�S�B�D�U�F�S�J�T�U�J�D �S�F�M�B�Y�B�U�J�P�O �U�J�N�F �D�P�O�T�U�B�O�U�
 �B�O�Ea �J�T �T�U�S�F�U�D�I�J�O�H �F�Y�Q�P�O�F�O�U �X�I�J�D�I

�J�T �U�F�N�Q�F�S�B�U�V�S�F �E�F�Q�F�O�E�F�O�U �B�O�E �D�B�O �U�B�L�F �U�I�F �W�B�M�V�F�T0 < a < 1 �<�������>�� �'�S�P�N �U�I�F �4�U�S�F�U�D�I�F�E

�G�V�O�D�U�J�P�O �P�U�U�J�O�H �U�P �.�O3�4�O �<�T�F�F �'�J�H���������	�F�
�>�
 �X�F �P�C�U�B�J�Oa����������� �������� �B�O�Et ���	��������� ���������
����5

�T �G�P�S �)kc�� �4�J�N�J�M�B�S�M�Z�
a����������� ������ �B�O�Et ���	��������� ���������
����5 �T �B�S�F �P�C�U�B�J�O�F�E �G�P�S �)? c�� �5�I�F

a �W�B�M�V�F�T �D�M�P�T�F �U�P �� �B�O�E �I�J�H�I�F�S �S�F�M�B�Y�B�U�J�P�O �U�J�N�F �D�P�O�T�U�B�O�U�T �T�V�H�H�F�T�U �.�O3�4�O �U�P �C�F �O�F�B�S�M�Z �B�O

�J�T�P�U�S�P�Q�J�D �T�Q�J�O���H�M�B�T�T �T�Z�T�U�F�N�� �0�O �U�I�F �P�U�I�F�S �I�B�O�E�
 �U�I�F �C�F�T�U �P�U �G�P�S �U�I�F �N�B�H�O�F�U�J�[�B�U�J�P�O �S�F�M�B�Y��

�B�U�J�P�O �D�V�S�W�F�T �G�S�P�N �.�O2.8�'�F0.2�4�O �J�T �P�C�U�B�J�O�F�E �V�T�J�O�H �U�I�F �N�P�E�J�P�F�E �4�U�S�F�U�D�I�F�E �G�V�O�D�U�J�P�OM (t) =

M0 + A exp[� ( t
t )a] �<�����
�������
�������>�� �)�F�S�F�
 �U�I�F �B�E�E�J�U�J�P�O�B�M �U�F�S�NM0 �J�T �U�I�F �N�B�H�O�F�U�J�[�B�U�J�P�O

�E�V�F �U�P �M�P�O�H���S�B�O�H�F �G�F�S�S�P�N�B�H�O�F�U�J�D �P�S�E�F�S�J�O�H �B�Ut��¥ �<�������>�� �'�S�P�N �U�I�F �P�U�U�J�O�H �<�T�F�F �'�J�H���������	�G�
�>

�X�F �P�C�U�B�J�O�F�EM0�� ��������� ������ �F�N�V���H�
t ����������� ������ �T �B�O�Ea����������� �������� �G�P�S �)kc�� �4�J�N�J�M�B�S�M�Z�


�X�F �P�C�U�B�J�O�F�EM0�� ��������� �������� �F�N�V���H�
t ��������������� �������� �T �B�O�Ea����������� �������� �G�P�S �)? c�� �)�F�S�F�


�E�J�O�F�S�F�O�Ua �W�B�M�V�F�T �	< ���
 �G�P�S �E�J�O�F�S�F�O�U �D�S�Z�T�U�B�M �P�S�J�F�O�U�B�U�J�P�O�T �G�P�V�O�E �J�O �.�O2.8�'�F0.2�4�O �T�V�H�H�F�T�U �G�P�S

�B�O�J�T�P�U�S�P�Q�J�D �G�F�S�S�P�N�B�H�O�F�U�J�T�N �J�O�E�V�D�F�E �X�J�U�I �'�F �E�P�Q�J�O�H�
 �X�I�J�D�I �J�T �D�P�O�T�J�T�U�F�O�U �X�J�U�I �U�I�F �B�O�J�T�P�U�S�P�Q�J�D

�N�B�H�O�F�U�J�[�B�U�J�P�O �J�T�P�U�I�F�S�N�T�
 �. �	�)�
�
 �T�I�P�X�O �J�O �'�J�H�T���������	�D�
 �B�O�E�������	�E�
��

�'�J�H���������T�I�P�X�T �)�B�M�M �S�F�T�J�T�U�J�W�J�U�Z�
r xy(H ) �G�P�SH k c�B�O�Er zx(H ) �G�P�SH ? c�
 �P�G �.�O3� x�'�Fx�4�O

�N�F�B�T�V�S�F�E �B�U �T�B�N�Q�M�F �U�F�N�Q�F�S�B�U�V�S�F�T �P�G ������ �B�O�E ������ �,�� �'�S�P�N �'�J�H���������	�B�
�
 �X�F �P�C�T�F�S�W�F �U�I�B�U �U�I�F

�)�B�M�M �S�F�T�J�T�U�J�W�J�U�Z �	r xy�
 �P�G �.�O3�4�O �J�T �B�T �I�J�H�I �B�T ������mW���D�N �B�U ������ �, �E�S�J�W�F�O �C�Z �B �D�S�J�U�J�D�B�M �P�F�M�E

�P�G ������ �5 �X�I�J�D�I �J�T �T�M�J�H�I�U�M�Z �S�F�E�V�D�F�E �U�P ��mW���D�N �B�U ������ �,�� �'�S�P�Nr zx(H ) �P�G �.�O3�4�O �T�I�P�X�O

�J�O �'�J�H���������	�C�
�
 �X�F �P�C�T�F�S�W�F �B�O�P�N�B�M�P�V�T �)�B�M�M �S�F�T�J�T�U�J�W�J�U�Z �	�"�)�3�
 �B�T �I�J�H�I �B�T ������mW���D�N �B�U ������

�, �U�I�B�U �J�O �H�P�P�E �B�H�S�F�F�N�F�O�U �X�J�U�I �Q�S�F�W�J�P�V�T �T�U�V�E�J�F�T �P�O �U�I�J�T �T�Z�T�U�F�N �<�������>�� �/�F�Y�U�
 �G�S�P�Nr xy(H )

�P�G �.�O2.8�'�F0.2�4�O �B�T �T�I�P�X�O �J�O �'�J�H���������	�D�
�
 �X�F �P�C�T�F�S�W�F �)�B�M�M �S�F�T�J�T�U�J�W�J�U�Z �B�T �I�J�H�I �B�T ��mW���D�N

�B�U ������ �, �B�U �B �D�S�J�U�J�D�B�M �P�F�M�E �P�G �������� �5 �X�I�J�D�I �U�I�F�O �S�F�E�V�D�F�T �U�P ������mW���D�N �B�U ������ �,�� �$�P�N��

�Q�B�S�F�E �U�P �.�O3�4�O�
 �X�F �O�P�U�J�D�F �T�J�H�O�J�P�D�B�O�U �E�F�D�S�F�B�T�F �J�O �"�)�3 �J�O �.�O2.8�'�F0.2�4�O �<�T�F�Fr zx(H ) �G�S�P�N

�'�J�H���������	�E�
�>�
 �Q�B�S�U�J�D�V�M�B�S�M�Z �B�U �S�P�P�N �U�F�N�Q�F�S�B�U�V�S�F�� �*�E�F�B�M�M�Z�
 �B�O�P�N�B�M�P�V�T �)�B�M�M �F�O�F�D�U �J�T �O�P�U �F�Y�Q�F�D�U�F�E

����



�J�O �U�I�F �J�O���Q�M�B�O�F �)�B�M�M �S�F�T�J�T�U�J�W�J�U�Z �<r xy(H )�> �P�G �U�I�F�T�F �T�Z�T�U�F�N�T �<�����>�� �#�V�U �X�F �P�O�E �O�P�O���O�F�H�M�J�H�J�C�M�F

�B�O�P�N�B�M�P�V�T �)�B�M�M �T�J�H�O�B�M �G�S�P�N �U�I�Fr xy(H ) �E�B�U�B �P�G �.�O2.75�'�F0.25�4�O �<�T�F�F �'�J�H���������	�F�
�>�
 �Q�P�T�T�J�C�M�Z �B

�D�P�N�Q�P�O�F�O�U �P�Gr zx(H ) �<�T�F�F �'�J�H���������	�G�
�> �Q�S�P�K�F�D�U�F�E �E�V�F �U�P �E�J�R�D�V�M�U�J�F�T �J�O �N�B�L�J�O�H �Q�F�S�G�F�D�U �)�B�M�M

�D�P�O�O�F�D�U�J�P�O�T �P�O �U�I�F �T�V�C���N�J�M�M�J�N�F�U�F�S �T�J�[�F�E �D�S�Z�T�U�B�M�T�� �)�P�X�F�W�F�S�
 �G�S�P�N �U�I�F �[�P�P�N�F�E���J�Or xy�	�)�


�E�B�U�B �P�G �.�O2.75�'�F0.25�4�O �<�T�F�F �J�O�T�F�U �J�O �'�J�H���������	�F�
�> �X�F �D�B�O �D�M�F�B�S�M�Z �J�E�F�O�U�J�G�Z �B �D�V�T�Q �J�O �)�B�M�M �T�J�H�O�B�M

�	�N�B�S�L�F�E �C�Z �C�M�V�F �D�J�S�D�M�F�T�
 �B�U �B �D�S�J�U�J�D�B�M �P�F�M�E �P�G ������ �5�� �4�J�N�J�M�B�S�M�Z�
 �'�J�H���������	�H�
 �T�I�P�X�Tr xy(H ) �P�G

�.�O2.65�'�F0.35�4�O �J�O �X�I�J�D�I �B�H�B�J�O �X�F �P�O�E �O�P�O���O�F�H�M�J�H�J�C�M�F �B�O�P�N�B�M�P�V�T �)�B�M�M �T�J�H�O�B�M �D�P�N�J�O�H �G�S�P�N

r zx(H ) �<�T�F�F �'�J�H���������	�I�
�>�� �.�P�T�U �J�N�Q�P�S�U�B�O�U�M�Z�
 �X�F �E�P �O�P�U �P�O�E �B�O�Z �W�J�T�J�C�M�F �D�V�T�Q �J�Or xy�	�)�
 �E�B�U�B

�P�G �.�O2.65�'�F0.35�4�O�� �5�I�V�T�
 �B�T �X�F �H�P �G�S�P�N �.�O3�4�O �U�P �.�O2.65�'�F0.35�4�O �X�F �D�B�O �D�M�F�B�S�M�Z �O�P�U�J�D�F

�U�X�P �U�I�J�O�H�T�� �J�
 �5�I�F �J�O�U�F�O�T�J�U�Z �P�G �D�V�T�Q �J�Or xy(H ) �B�O�E �U�I�F �D�S�J�U�J�D�B�M �P�F�M�E �B�U �X�I�J�D�I �U�I�F �D�V�T�Q �B�Q��

�Q�F�B�S�T �E�F�D�S�F�B�T�F �X�J�U�I �J�O�D�S�F�B�T�J�O�H �'�F �E�P�Q�J�O�H �B�O�E �J�J�
 �"�O�P�N�B�M�P�V�T �)�B�M�M �T�J�H�O�B�M �J�Or zx(H ) �E�F�D�S�F�B�T�F�T

�X�J�U�I �J�O�D�S�F�B�T�J�O�H �'�F �E�P�Q�J�O�H�� �1�B�S�U�J�D�V�M�B�S�M�Z�
r xy(H ) �B�O�Er zx(H ) �P�G �.�O2.65�'�F0.35�4�O �B�S�F �O�F�B�S�M�Z

�T�V�Q�Q�S�F�T�T�F�E �B�U �S�P�P�N �U�F�N�Q�F�S�B�U�V�S�F��

�/�F�Y�U�
 �D�P�N�J�O�H �U�P �U�I�F �J�N�Q�P�S�U�B�O�U �S�F�T�V�M�U�T �P�G �U�I�J�T �T�U�V�E�Z�
 �'�J�H�T���������	�B�
���	�E�
 �T�I�P�X �U�P�Q�P�M�P�H�J�D�B�M

�)�B�M�M �S�F�T�J�T�U�J�W�J�U�Z �	�5�)�3�
�
r T
xy(H )�
 �P�G �.�O3� x�'�Fx�4�O �	�Y�����
 �������
 ���������
 �B�O�E ���������
 �F�Y�U�S�B�D�U�F�E �G�S�P�N

�U�I�F �U�P�U�B�M �)�B�M�M �S�F�T�J�T�U�J�W�J�U�Z �<r xy(H )�> �T�I�P�X�O �J�O �'�J�H�T���������	�B�
�
�������	�D�
�
�������	�F�
�
 �B�O�E�������	�H�
�
 �S�F�T�Q�F�D��

�U�J�W�F�M�Z�� �/�P�U�F �I�F�S�F �U�I�B�U �U�I�F �U�P�U�B�M �)�B�M�M �S�F�T�J�T�U�J�W�J�U�Z �T�I�P�X�O �J�O �'�J�H�������� �I�B�T �D�P�O�U�S�J�C�V�U�J�P�O�T �G�S�P�N

�O�P�S�N�B�M �)�B�M�M �S�F�T�J�T�U�J�W�J�U�Z �	r N
H �
 �X�I�J�D�I �W�B�S�J�F�T �M�J�O�F�B�S�M�Z �X�J�U�I �U�I�F �P�F�M�E �	r N

H = R0m0H�
�
 �B�O�P�N�B�M�P�V�T

�)�B�M�M �S�F�T�J�T�U�J�W�J�U�Z �	r A
H �
 �X�I�J�D�I �E�F�Q�F�O�E�T �P�O �U�I�F �N�B�H�O�F�U�J�[�B�U�J�P�O �	r A

H = SA r 2M�
�
 �B�O�E �U�P�Q�P�M�P�H�J�D�B�M

�)�B�M�M �S�F�T�J�T�U�J�W�J�U�Z �	r T
H �
�� �"�M�M �U�I�F�T�F �D�P�O�U�S�J�C�V�U�J�P�O�T �M�F�B�E �U�P �B �U�P�U�B�M �)�B�M�M �S�F�T�J�T�U�J�W�J�U�Z �B�T �Q�F�S �U�I�F �S�F�M�B�U�J�P�O

r H = r N
H + r A

H + r T
H = R0m0H + SA r 2M + r T

H �� �)�F�S�F �30 �J�T �B �O�P�S�N�B�M �)�B�M�M �D�P�F�R�D�J�F�O�U �B�O�E

�4A �J�T �B�O �B�O�P�N�B�M�P�V�T �)�B�M�M �D�P�F�R�D�J�F�O�U�� �5�P �P�O�E �U�I�F �U�P�Q�P�M�P�H�J�D�B�M �)�B�M�M �S�F�T�J�T�U�J�W�J�U�Z �P�O�F �I�B�T �U�P �T�V�C��

�U�S�B�D�U �U�I�F �O�P�S�N�B�M �B�O�E �B�O�P�N�B�M�P�V�T �)�B�M�M �D�P�O�U�S�J�C�V�U�J�P�O�T �G�S�P�N �U�I�F �U�P�U�B�M �)�B�M�M �S�F�T�J�T�U�J�W�J�U�Z�
 �G�P�M�M�P�X�J�O�H

�B �N�F�U�I�P�E �U�I�B�U �I�B�T �C�F�F�O �F�Y�Q�M�B�J�O�F�E �U�I�P�S�P�V�H�I�M�Z �J�O �T�F�W�F�S�B�M �S�F�Q�P�S�U�T �<�����
�����
�����
�������>�� �)�P�X�F�W�F�S�


�T�J�O�D�F �U�I�F �B�O�P�N�B�M�P�V�T �)�B�M�M �F�O�F�D�U �J�T �O�F�H�M�J�H�J�C�M�F �J�Or xy �P�G �U�I�F�T�F �T�Z�T�U�F�N�T�
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