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Synopsis

We have done a systematic study of dynamical behavioursrdinear chaotic systems under memory mod-
ulation. Control and enhancement of chaos have their agiits in real systems. For last two decades it
has been a eld of active research. However memory moduldtas recently been recognised as @active
method of chaos control and our work indicates the richnés#isi® method. Dynamics of chaotic systems
are usually governed by system parameters. We propose timkthre system parameter(s) according to the
past and present states of the system. We have shown systeatdeto show much richer dynamics under
memory modulated control. We started with memory modulgsedmeter control in one dimensional maps
and moved to higher dimensional discrete maps. We have niigiié modi cation of our prescription to
apply this method to more realistic continuous dynamicateyps.

Our choice of delayed feedback modulation makes the dyrsaofione dimensional (logistic) maps non—
Abelian, and since the choice of (noninvertible) map depeadthe history, the system is deterministic and
also non-Markovian. These new features give rise to novahdycal features. The zones of dynamical
stability have a complicated and hierarchically organiggdcture.Our main method for understanding the
organization of periodic orbits in such driven systems istigh a generalization of the results of MSS for
the organization of periodic orbits in unimodal maps, andsivew how this scheme helps in rationalizing
the di®Rerent periodic orbits that can arise in the driven systenaddition, we nd that there are non—-MSS
periodic orbits, namely the stabilization of “forbiddenihieraries for periodic orbits which results from the
choice of delayed feedback forcing.There also appear tediens in parameter space where there are no
periodic windows and our preliminary studies of the dynantiere have revealed a peculiar characteristic of

the attendant tangent bifurcations. Although they arédaitiType-1, owing to the interplay of two @erent



mappings in determining the dynamics, the actual mechafittse re-injection process leads to the scaling
exponents being quite @grent from%. When applied with little modi cation memory dependent aaht
enriches dynamics of one dimensional maps to greater ext¥atintroduce a single step memory depen-
dence in the fully chaotic logistic map. However, we show thausing composite functions to de ne two
one dimensional maps, it is possible to obtain some analysiclts for the bifurcation structure. Numerical
results support the calculated bifurcation scheme and dgitiad yields a further insight which allows the
calculation of convergence ratio for a new period addingade. It can be shown that the convergence ratio
can be calculated in the similar way for any quadratic magdlanaps. It is also shown that the mechanism
of period adding bifurcation is quite®&rent from the dynamics of piecewise continuous maps whenieg
adding phenomenon is quite common.

The mechanism of period adding bifurcation is explainedemnwith the analysis of two dimensional dis-
crete Lotka-Volterra system. We have shown that the periling bifurcation is an outcome of interplay of
chaotic dynamics with ordered (periodic) dynamics. We h&n@vn when the dynamics with of positive and
negative Lyapunov exponents get coupled, period addingrecd\eimark-Sacker Bifurcation is observed
in this two dimensional discrete system. As the system par@nthanges the system moves from invariant
curves to chaotic bands. Center manifold theory is usedptagxthis scenario. Invariant curves are coupled
with chaotic bands to ensure period adding bifurcation smtoccur with weakly stable attractors. Attrac-
tors with sut ciently large negative Lyapunov exponents cause periothgdafurcation as it couple with
chaotic ones.

Single-step memory dependent parameter modulation waseddd t into dynamics of continuous sys-
tems. Memory dependent delay feedback was used in steadgbé-sitep one. This modulation is shown to
have great@ect on continuous dynamical systems in controlling theaiynov exponents. Limit cycles are
shown as a outcome of quantization of delay time. We hope @uk wontributes to the ongoing research
of control of chaos and consider memory modulated parancetgrol as a standard method of controlling

chaos.
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Chapter 1

Control of chaos in dynamical systems

1.1 Introduction

The concept of chaos has been introduced into science quite recenthg seventies. Chaotic
systems provided researchers with a new tool for modelling the uncertalmt wi®ers from the
classical probabilistic concepts. Chaotic motions are modelled as the solutaetsioministic non-
linear diRerential or dRerence equation with oating frequency and amplitude.

The attention of many physicists, mathematicians and engineers was drawrstodpef chaotic
systems by the paper by D. Ruelle and F Takens (1971) who coined thésiEamge attractor'
for chaotic attractors (1), and by the paper of T. Li and J. Yorke %19vho introduced the term
“chaos' (2). Serious investigations of a similar complex dynamics wer@mpeed in the former
soviet union by A. Kolmogorov, Y. Sinai, V. Arnold, V. Melnikov, Yu. Neima L. Shinikov and
A. Sharkovsky in the 60s-70s. Later chaotic phenomena was discbwesnormous number of
systems in mechanics, physics, chemistry, biology etc. Chaotic models wergeeto be useful
for nancial time series prediction and for training. Moreover such modalese also found useful
in the study of neural networks and genetic algorithms.

From the point of view of control, chaotic systems are a particular clasgmfnear dynamical

systems having irregular oscillating solutions. Control of chaos can b&deyed as a subarea of

11



1.1. Introduction 12

controlling the nonlinear oscillatory systems. However problems of the dasftahaos have cer-
tain distinctive features. The most important of them was pointed out by ECO@Grebogi and

J. Yorke (3). They showed that the trajectory of chaotic motion can bedumnio periodic one by
means of arbitrarily small control that stabilizes the inherent periodic orbktat concept opened
new perspectives both in natural sciences and in technology and alstethitia avalanche of re-
search in this area.

One of the reasons for interest in the control of chaos is the wide rdntgepmtential applications

covering the entire area of science and technology. We will illustrate loene sf these.

1.1.1 Mechanics and mechanical engineering

A variety of oscillatory as well as synchronization problems for mechasigstiems arises when
one intends to design a vibration equipment. The control of a ship becomegamipohen it rolls

and the rolling is @ected by lateral ocean waves. The motion of the ship can exhibit chans eve
for waves purely periodic in time due to the nonlinear dynamics of the ship.s T problem

is to decrease the amplitude of chaotic oscillations under disturbances. éwgia low level of
control is admissible. The problem of suppressing vibrations, which eantérpreted as damping
the system to bring it down to a desired energy level, is of a similar nature.

Techniques of creating or suppressing chaos can be applied in washatgnes. It is known that
washing may be accelerated when the angular velocity of the rotor is oscillatflogeover the
desirable kind of oscillations is chaotic due to the fact that the chaotic chandke rotor speed

provide a better mixing and a better dissolving of the detergent.

1.1.2 Electrical engineering and telecommunications

Till recent years, investigations were mainly concerned with periodic ooils (4). For many
years the chaotic modes were either overlooked or considered to bsinatdee Van der Pol and

Van der Mark (5) made the brief remark “Often an irregular noise is heatte telephone re-
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ceiver before the frequency jumps” and never discusses the isshierftHowever during last three
decades, the interest in chaotic oscillations within the theory of circuits resetrdously. The most
popular applications of chaos lie in the eld of telecommunications.

A few ways of using chaos for signal storage of transmission werertexpan (6; 7; 8; 9; 10).
Chaotic signal are used as the carrier instead of periodic one. To réaizelectrical circuits of
transmitter as well as receiver need to be synchronized. Many techofigoatrolling periodic sig-
nal fails in synchronizing chaotic one; hence new ways of controllin@glsgnchronization were
developed. Synchronization of chaotic system has its application in the fe@iyptography (11).
One of the rst experiments on controlling chaotic oscillations was devotedmdral of lasers,
where the system consisting of neodymium-yttrium-aluminium-garnate laserfaegugncy dou-
bling crystal was considered (12). At the high levels of input power ttenaity of the laser output
power uctuates chaotically. With the feedback algorithm proposed byt Hoe laser can be driven
into periodic mode. Later many successful experiments on chaos coat®ldeen performed by
di®erent kinds of laser source (13; 14; 15; 16).

Another important eld of application of chaos control is power systemsesghsystems under
certain natural stress fall into “crisis' which can be controlled using €ltamtrol methods (17).
Electrical generators in power systems can be controlled by broaderenafttiaction region of
the normal operation mode. Control of irregular oscillations of the outputhiieeed through the

method of transient stabilization.

1.1.3 Chemistry and chemical engineering

Studies of chaotic dynamics in chemistry has started with Belusov-Zhabotieaktion.Once the
existence of periodic and chaotic oscillatory modes was recognized, thefidmntrolling it in
chemical reaction became quite natural. The control goal can be formalatethieving the steady
state mode of the reaction. In other cases it can be necessary to craatie dscillations. In
combustion applications chaos is desirable as it enhances the mixing ofifaeliev In chemical

reaction there are fewer parameters to control than in electronic circwtprdblem of small or



1.1. Introduction 14

restricted control is truly practical. Adaptive control method is vé@gdaive in controlling chemical
reactions for producing chaotic as well as oscillatory reactions.

Chaotic phenomena are already used in chemical technology. Chaotic mixmgcksfaster and
more e cient than dBusion. A better mixing yields a more uniform reaction and therefore less
impurity is present in the product. This process makes the reactions mdre®eusive and is

heavily used in chemical industry.

1.1.4 Biology biochemistry and medicine.

Unlike chemistry and telecommunication chaotic oscillations have been known ltmisis for
long. The famous logistic map, whose role in chaos is that of the Hydrogemiatquantum me-
chanics, has its origin in population dynamics (18). Rhythmic behaviour isia peoperty in living
organisms and it facilitates the survival and evolution of them. Chaotic rhyénenalso quite com-
mon in biological systems. These systems are pierced by positive andveefgatibacks which
make them suitable for control purposes.

During the last two decades research in biochemistry and molecular bicddsgyained much atten-
tion. Models of molecular dynamics are based on Hamiltonian formulation aricb€orethods for
the Hamiltonian systems are of much importance. These methods are applieatéoos@llations
in bio-molecular structures and also to synchronize oscillationsBardnt parts of the structures.
The potential applications in medicine include treatment of cardiac arrhythrdigathological
brain activities. These motions are primarily chaotic and treatments are peddsy enhancing
chaos. Both theoretical and experimental results on controlling cardy@amk (19; 20; 21) and

brain rhythms (22; 23) were reported in the literature.

1.1.5 Economics and nance

The existence and importance of oscillations in economic activities have hdety wecognized
since 19" century. Quite recently an interest in models of nonlinear dynamics and enase in

nancial studies. Though far less attention was paid to the prediction amdat@f those economic
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activities. Recent studies showed that the dynamics of many nancial tiressebetter described
by chaotic models than by conventional ones based the Brownian motioP5R4;haos theory and
neural networks has become very important in studying modern nanaakyh We can forecast
an increasing signi cance of economics and nance as a new markébéocontrol of oscillations

and chaos.

1.2 Methods of chaos control

The presence of chaos in physical systems has been extensivelysteatezhand is very common.
In practice, however, it is often desired that chaos be avoided. Incasst we expect the systems
to show nice periodic behaviour. For last two decades there has bissier research on control-
ling chaos and numerous research papers were published. The wedralling chaos started with
the seminal paper of Ott, Grebogi and Yorke (3).

The processes of controlling chaos in dynamical systems can be divigeillowing three main

categories.

1.2.1 Stabilizing unstable periodic orbits

This method was suggested by Ott, Grebogi and Yorke and addresdetidiving question:“Given
a chaotic attractor, how can one obtain improved performance and adda$recting time-periodic
motion by making onlysmalltime-dependent perturbations in accessiblesystem parameter?”
When controlling goal is only to make small perturbation to the system to actdguéar dynamics
then itis hard to create new orbits; generally they require stronger patioins. A chaotic attractor
typically embeds within it an in nite number of unstable periodic orbits. By pragmntrol small
perturbation can move the chaotic dynamics to one of the unstable periodt& dibe parameter
is controlled in time such that it stabilises the intended unstable periodic orb@)UmMe method

is very general and can be applied to variety of situations.
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It is important to note that this method is mor@eetive in the presence of chaos. As chaotic
attractors embed in nite numbers of unstable orbits small parameter perturlatiostabilize one

of the number of d®erent orbits. For non-chaotic attractors the system improvement is limited as
periodic orbits are limited to that speci ¢ system.

The prerequisite to apply this method to control chaos is that the dynamici@ugsiof the system

should be known.
dx
e F(x; p) (1.2.2)
p being the controlling parameter. Even if the dynamical equations descritergygtem are not
known, but the time series of some scalar dependent var#t)lean be measured the chaotic

attractor can be recon gured using delay coordinates.

X)) =[zt);z(ti T);ztj 2T);:::;z(ti MT)] (1.2.2)

As control of chaos often leads to making the system fall into periodic oXbatisEq(1.2.1) is used

to nd out the Poincag surface of section. Each rotation maps to a point in that section. From this
map a humber of unstable orbits can be determined (26). After that pargmeterbe perturbed to
stabilize the system to the intended UPO.

Let us start with the simplest period one orbit, higher dimensional orbits eagxplained as a
generalization of the same procedure. Period one orbit acts as a edopothe Poincdr section.

Let, s and, , be the experimentally determined stable and unstable eigenvalues of thee safrfa
section map at the chosen xed point. Thens j< 1 <j ., j. Letes ande, be the experimentally
determined unit vectors in the stable and unstable directions. Without lossefality we can take

p = O for the xed point. If» denotes thel xed point on the Poinca surface then for xed point

» = »y = 0. Then slight change qf to p we can approximate

g ON(P)=ip = 0%pP o (p) (1.2.3)

i1 Yo pPng+ [, veufu+, sesfslini pnd] (1.2.4)



1.2. Methods of chaos control 17

p is rewritten aspy, to associate it with nth section. The choicemfis such thatx. falls on
the stable manifold o = 0, i.e. fy:me1 = 0. If »41 falls on the stable manifold then parameter
perturbation can be set to zero, and the orbit for the subsequent timeppiidach the xed point

at a geometrical ratgs.

1.2.2 Control by feedback

The method suggested by OGY is very @ent and has been successfully applied to some exper-
iments (27; 28). An experimental application of the OGY method requires tincous computer
analysis of the state of the system. The changes in paramaterdiscrete in time since the method
deals with Poincd@& map. The parameter modulation is applied as the trajectory of the system
crosses the Poindamap. The OGY method can stabilize only those periodic orbits whose maxi-
mal Lyapunov exponent is small compared to the reciprocal of the time ihtsetiaeen parameter
changes. Since the corrections of the parameter are rare and smallcthation noise leads to
occasional bursts of the system into the region far from the desireddpeddoit, and these burst
are more frequent for large noise.

Pyragas (29) suggested the idea of a time-continuous control to ovethsnpeoblem. With small
perturbation UPOs can be stabilized with continuous feedback control.

In the following two methods of continuous control in the form of feedbaeksaiggested. Both
methods are based on the construction of a special form of time-contipadusbation,which does

not change the form of the desired UPO, but under certain conditioiliztah Feedback can be
external as well as internal. In the rst method a combined feedback withriagic external force

of a special form is used. The second method is based on self contratlisnged feedback.

External force control

Let for us consider dynamical system Eq(1.2.1). We imagine that the explicitof the equation is

unknown but some scalar varialylg) can be measured as a system output. If the system is available
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for external inputf (t) then we can divide the system into following subsystems

dx _ _

> = Poxy) (1.2.5)
dy :
ar Qxy) + () (1.2.6)

The vectorx describes the remaining variables of the dynamical system that are né¢mafsin For
simplicity it can be taken that(t) disturbs only the rst equation, corresponding to the output value.
For no external forcef((t) = 0), let the system have a strange attractor. Dynamics of the system
as well as large number of distinct UPOs can be found by constructing detadinates (1.2.2).
From the experimental output signgl) various periodic signay;(t) can be determined. where
yi(t+ Ti) = yi(t) andT; is the time period for'f UPO.The dRerenceD(t) between the signaj(t)

and the output signal is used as control signal.

f(t) = KIyi®l i y(t) = D) (1.2.7)

where K is an experimentally adjustable weight. This perturbation feeds ingy#tem a negative
feedback folK > 0. The important feature of the perturbation is that it does not changelttés
of Eq(1.2.5) corresponding to the UBQ) = y;(t). By selecting the weight K stabilization can be

achieved. Near the stabilization weight only a small external force is rdjtorstabilize the UPOs.

Delayed feedback control

The complexity of the experimental realization of the above method is mainly in gigrdef a
special periodic oscillator. The second methods works pretty well to ststlras. In this method
the external signay;(t) in Eq(1.2.7) is substituted for the delayed output sigiie] ¢), whereg, is

the delay time. The perturbation cam be written in the form

f(t) = K[y(ti ¢)i y(t)] = kD(t) (1.2.8)
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Now when the delay coincides with the period of the ith UPO T;, then the perturbation becomes
zero for the solution of system Eq(1.2.5) correponding to this WRO= yi(t). So perturbation in
this form also does not change the solution of the system correspondihdtBO. Like the earlier
method choice of an appropriate K leads to stabilization of the desired UP@isAmethod does

not depend on the external signal it is much simpler to realize this system.

1.2.3 Control through periodic perturbation

The inherent irregularity of chaoic dynamics and its strong sensitivity tugeation sometimes
lead us to believe that such dynamics cannot be destroyed by means loexteanal forcing.
Moreover, the notion that the existence of three incommensurate freqsémeiesystem can gen-
erally lead to chaos hardly suggests that the addition of an externallygaddrequency will have
controlling éect on chaotic dynamics. In the previous section we saw external feledbatrol
can tame chaos. Even without the presence of feedback chaos cantimled with the presence
of small external periodic forcing. Chaotic attractor embeds in nite numbed®s. Like earlier
section Poincdr surface of section can be generated for the surface of section. edfothcae
section a D-dimensional continuous dynamics can be represented ada pagsented as a D-1

dimensional discrete dynamics. Colse to a UPO an unstable limit cycle can béohbge

Xnr1 = (, " fa)X (1.2.9)

where, > 1,< f, >=0,< fn2 >= 1; we can takef, to be harmonic. Angular brackets denote
the average over n. Whén= 0 the xed pointxz is clearly unstable. For nit¢ the Lyapunov

exponent corresponding to the map (1.2.9) is

" =Re<In(, +"f,) > (1.2.10)

For small",

“=ln, "=+ 0(0) (1.2.11)
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When _2In, < " 2 the Lyapunov exponent in negative which implies is stable. Even when
.2In, > " 2, the forcing has an@ect of reducing the Lyapunov exponent. Resonant interactions can

further aRect the stability of these cycle.

1.2.4 Control through synchronization

Synchronization of two identical chaotic system has been proposeddaydPand Carroll in 1990.
Later many other processes of synchronization are proposed. Afrigimet al. investigated the
possibility of some d®erent types of synchronization where the parameters does not mateh. Th
idea was developed further by the works of Rullatval. (30; 31) and Parlitzt al. (32). This
generalization of synchronization of chaotic system leads us to contcbbafs of response system.

We consider an n-dimensional dynamical system
u = f(u) (1.2.12)
the system can be divided into two subsystems(y,w)]

v =g(v;w); w=h(v;w) (1.2.13)

Now a new subsystem0 can be created identical to thwesystem by substituting the set of variables
v for the corresponding0 in the functionh and the previous equation can be augmented with the
new system

v=g(v;w); w=h(v;w); w’= h(v;wo) (1.2.14)

The subsystem componenvtsandw0 synchronize only if’ ! wast!1 . Inthein nitesimal

limit this leads to the variational equations for the subsystem;

» = Dyh(v;w)» (1.2.15)
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where Dyh is the Jacobian of they subsystem vector eld with respect o only. This equa-
tion leads to the calculation of the Lyapunov exponents of the subsystesmmeckin literature as
conditional Lyapunov exponents. If the largest conditional expoisenegative both subsystems
synchronize.

In this analysis parameters of both the subsystem are taken to be identiadl;iwpractical sys-
tems are often not true. It can be shown that if the parameters of thesseivsyd®Rers slightly then
also both system synchronizes.

The generalized version of synchronization suggests that for twadwemical systems (e.g. two
Lorenz with diRerent parameter values) there may exists a smooth functional depeiiancen-
nects the overall nature of both the system. If two chaotic dynamical systergsmerally synchro-
nized and the drive system is non-chaotic the response system carealso-shaotic (for certain

range of parameters ) though it should be chaotic for its own parameter (&3)

1.3 Discussion

A nonlinear system with chaotic behavior is very sensitive to initial conditipagjcularly in the
system with large Lyapunov exponents (34). A tiny error may lead to fadfitke control pro-
cess when its errors are ampli ed exponentially with time. Such errors cantfseluced by the
linearization of a nonlinear system, the inaccuracy of experimental measateand the noisy en-
vironment. A number of presented methods modify control parameters aoheeriod of Poincér
map (3; 38; 35; 36), and the stabilization can be realized only for sudbdierorbits whose
maximal Lyapunov exponent is smaller than the reciprocal of the time inteetalden parame-
ter changes. For the control system with large Lyapunov exponenglrdnder unstable periodic
orbits, the tiny errors may kick' the system state out of its controllable regime uctuation
noise leads to occasional bursts of the system into the region far fronesired periodic orbit, and
these bursts are more frequent for a large noise. Therefore the fidefusting the system state

more frequently than once each period T (35; 37), and the idea of a tintexgous control seems
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attractive in this context (29).

Pyragas have proposed two methods of permanent chaos control wiidlldisie-continuous per-
turbation in the form of linear feedback (29). The stabilization of unstabtegdic orbits (UPOs)
of a chaotic system is achieved either by combined linear feedback with ¢hef asspecially de-
signed external oscillator or by delayed self-controlling linear feedhbattiout any external force.
They have calculated the maximal Lyapunov exponent of the UPOs usitiggh&zation of system
to analyze the local stability of the system and to select suitable experimentpitadale weight
parameter K. Both methods are based on the construction of a speciabf@ime-continuous
perturbation, which does not change the desired UPO, but can stabilizést certain conditions.
Ushio proposed a method of chaos control for stabilizing a periodic amdieelded in a discrete-
time chaotic system based on contraction mappings in 1995 (40). The validitye ahethod is
shown using a property of contraction mappings.

An open-plus-closed-loop (OPCL) method of controlling nonlinear dynaystems was presented
by Atlee Jackson and Grosu in 1995 (39). The input signal of their methibe isum of Hibler's
open-loop control and a particular form of a linear closed-loop continel,goal of which can be
selected as one of the UPOs embedded in chaotic attractor, or anothidtepsssooth functions
of time. The asymptotic stability of the controlled nonlinear system is realized binter ap-
proximation around the stabilized orbit. But the calculation of the closed-loopd signal is very
dix cult in some cases, especially for complex and high-dimension chaotic systems

In recent years many more control algorithms have been proposed ernitidilprevious methods
they all have their own shortcomings. While feedback methods have largenpter controlling
range, practical implementation becomes clillt for fast chaos. The feedback control chaos meth-
ods stabilize one of the unstable periodic orbits (UPOs) embedded in its cai@ator by applying
small temporal perturbations to an accessible system parameter. For sbrspéay systems such
as chaotic circuits and fast electro-optical systems, theretisudty in attaining real-time data of
the system parameters and variables. Similarly non-feedback basedl eoethods lacks energy

optimization. Recent research (41) based on genetic algorithm aresgpmoptimize the signal
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strength. This approach can achieve the control goal with signi cantleifgrewer, ranging from

one to three orders of magnitude irRdrence.

Bibliography
[1] F. TakensDynamical Systems and Turbulence, Warwick 198366
[2] Li, T., And J.A. Yorke,Amer. Math. Monthly82, 985, 1975.
[3] Edward ott, Celso Grebogi and James A. Yorke, Phys. Rev. 64tt1196 (1990).
[4] Lindsay, W.Synchronization Systems in Communications and cqiitrehtice Hall (1972).
[5] Van der Pol, B. and Van der Markaturg120
[6] Angeli, A., R. Genesio and A. TetisEE Trans. on Circ, 363, 1927.. Sys.42, 54, 1995.
[7] Belskii, Dmitriev, A.S.,J. of Communication Technology and Electror€s 1994.
[8] Carroll, T.L.,IEEE Trans. on Circ. Sys42, 105, 1995.
[9] Dedieu, H., M.P. Kennedy and M. HasléEEE Trans. on Circ. Sys. 40, 634, 1993.

[10] Dedieu, H. and M.J. OgorzaleRyoc. of IEEE Int'| Symp. on Circ. SysSeattle WA, April29-
May 3, 1191, 1995.

[11] Kocarey, L., K.S. Halle, K. Eckert, L.O. Chua and U. Parlitz,Int fuRation and Chaog,
709 (1992).

[12] Roy, R., T.W. Murphy, T. D. Maier, Z. Gills and E.R. Hunt, Phys. Restt. 68, 1259 (1992).
[13] Gills, Z., C. Iwata, R. Raoy, |. Schwartz and I. Triandaf, Physv.Rett. 69, 3169 (1992).

[14] Parisi, J., R. Badii, E. Brun, L.Flepp, C. Reyl, R. Stoop, O.Bs#ter, A. Kittel and R.
Richter,). of Zeitschirift fur naturforschung, Teil, 48A, 627, 1993.



BIBLIOGRAPHY 24

[15] Colet, P., R. Roy and K. Wiesenfeld, Phys. Rexa@ 3453 (1994).

[16] Gavrielides,A., V. Kovanis and P.M. Alsin@roc. of the SPIE - The Int'l Society for Optical
Engr.2039, 250, 1993.

[17] Soumitro Banerjee and Celso Grebogi,Phys. R&89E052 (1999).

[18] Nature,261, 459 (1976).

[19] Brandt, M.E. and G. Chen, Int J. Bifurcation and Ch&p219 (1996).

[20] Gar nkel, A., M.L. Spano, W.L. DItto and J.N. WeisScienc@57, 1230, 1992.
[21] Christini, D.J. and J.J. Collins, Phys. ReVvoE 49 (1996).

[22] Glanz, JScienceAugust, 1174, 1994.

[23] Schi®, S.J., K. Jerger, D. H. Duong, T. Chang, M.L. Spano and W.L. Dif@ature August,
615, 1994.

[24] Peters, E.Chaos and Order on Capital Market3ohn Wiley and Sons, 1991.
[25] Peters,E.Fractal Market analysisJohn Wiley and Sons, 1994.

[26] G.H. Ganaratne, P.S. Linsay and M.J. Vinson, Phys. Rev. &&tfl (1989).

[27] E.R. Hunt Phys. Rev. Let67, 1953 (1991).

[28] W.L. Ditto, S.N. Rauseo M.L. Spano Phys. Rev. Lé8, 3211 (1990).

[29] K. Pyragas Phys. Lett. A70, 421 (1992).

[30] N. Rulkov, M.M. Sushchik, L.S. Tsimringt al,Phys. Rev. 51, 980 (1995).

[31] H.D.L. Abarbanel, N.F. Rulkov and M.M. Sushchik Phys. Ret34528 (1996).

[32] L. Kocarev and U. Parlitz, Phys. Rev. Let6, 1816 (1996).



BIBLIOGRAPHY 25

[33] Sagar Chakrabarty and Debabrata Dattéiv :nlin/0612020.

[34] B. Hubinger, R. Doerner, W. Martienssen, M. Herdering, R. Pitka, aridrdssler, Phys. Rev.
E 50, 932 (1994).

[35] D. Xu and S. R. Bishop, Phys. Lett. 810 273 (1996).

[36] M. A. Matias and J. Guemez, Phys. Rev. L&&, 1455 (1994).

[37] B. Hbinger, R. Doemer, and W. Martienssen, Z. Phys. B: Cosddatter90, 103 (1993).
[38] T. Shinbrot, C. Grebogi, E. Ott and J. A. Yorke, Nature (Lond8®3, 411 (1993).

[39] E. Atlee Jackson and I. Grosu, Physic8® 1 (1995).

[40] T. Ushio, Phys. Lett. A98, 14 (1995).

[41] C.Y. Soong,W. T. Huang, F.P. Lin and P. Y. Tzeng, Phys. Left0F16211 (2004).



Chapter 2

Anti-control of chaos in dynamical

systems

2.1 Introduction

Most studies which attempt to control chaotic dynamical systems direct tReitsstowards con-
trolling the system to regular periodic orbits or to speci ¢ chaotic orbits (1;i2wever, there have
been few attempts at control directed towards enhancing the chaoticitpofichows. This is an
important problem for its own intrinsic interest and may have practical apjgitaas well. An
important example of a situation where enhancing chaos is useful, is thesgrotmixing (3; 4; 5)

. Mixing is a consequence of the stretching and folding of chaotic owsy#tesn which has expo-
nential stretching, as in a chaotic ow, can mix eiently. Many mixing processes like uid ows,
combustion processes, chemical reactions, heat transfer proe¢ssesan be modeled by chaotic
ows (3). An enhancement of the chaoticity of such systems can lead tolzaneement of the rate
of mixing; an outcome which has desirable consequences in many of thatsstso In addition to
enhancing the rate of mixing, the enhancement of chaos can be desmdhlseful also in other
situations. In the case of biological systems, there are several instingsitisations where main-

taining or enhancing chaos is desirable (6) . It has been suggestélehpathological destruction

26
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of chaotic behavior may be responsible for heart failure (7) , and sopes tyf brain seizures (8).

Techniques which are capable of enhancing and maintaining chaos eousgtful in such contexts

9).

2.2 Enhancing chaos with parametric modulation

An important parameter, which characterizes the degree of chaos im#ccloav is the Lyapunov
exponent, which gives the average rate of stretching. However, hefratretching is not uniform
over a chaotic attractor in the case of dissipative ows or over the phps®of a conservative ow.
Thus the local Lyapunov exponent (LLE) , a measure of the local fad&retching, is dRerent in
di®erent regions of the phase space (10) . The nonuniform nature ep#iml distribution of the
LLEs can be exploited to construct a mechanism that can enhance aldhdseace, the rate of
chaotic mixing.

Let us consider an autonomous nonlinear dynamical systedimensionn, evolving via the
equations

X =F(x;1) (2.2.1)

where the set of parameterstakes values such that the trajectory shows chaotic behavior. Let
w(x;t) be the tangent vector to the trajectory at the pgiand timet. The evolution ofw is given
by

w = (w.r)F (2.2.2)

The Lyapunov exponent of the system is de ned by

_ 1 kw(x;t) k
> T Thw(x(0),0) K (2.23)

wherex(0) is the value ok att = 0 andk w kis the norm ofw. Now de ne the local Lyapunov

exponent (x) as
.1 kw[x(t+ Mt); t+ Mt] k
L= m T Wk 1 k (2.2.4)
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The quantity, (x) represents the local rate of stretching at the paifthis is, in general, not uniform
over the attractor. Note that the Lyapunov exponeBg[2.2.3] is the average value of the LLEs for
a long orbit or can be obtainedby averaging the LLEs over the invaremgity of the attractors in
dissipative systems.

A control procedure can be set up to enhance chaos and insofés asphoves mixing, the mixing
rate can be increased utilizing the distribution of the LLES. The controlgola® operates in
regions where the LLEs fall substantially below the average value . dinatime, the LLE of the

system falls below its average value to the point where

L) <(i YA (2.2.5)

where¥y is the standard deviation of the distribution of LLE &nhid some chosen factor, the control
is activated so that the parametes changed té + sdt . Hered! is a small increment ansltakes
values+1 orj 1 depending on which choice enhances the LLE. The system is allowealieeev
with the new value of the parameter as long as the condition Eq(2.2.5) is satiEredteafter the
parameter is reset to its original value. To decide the sigre can write an equation far in matrix
notation in the form

Wh=wW'MT; w= MW (2.2.6)

whereW' is a row vector and the matridT is given byMT = r F. The equation for the norm of
W can be written as

kW Ie= WT(MT + M)W (2.2.7)

Thus the rate of change in the normwfdue to change in the parameter is given by

AKWIE = kW(E +dt) IRk W) K

CWTMT + M)Wt (2.2.8)
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where the last step is obtained by expanding to lowest ordéf end M. = @A=@2 Clearly, for
the local rate of stretching to increagé W k? must be positive . Thus the sigris determined to
ensure that k W k? is positive.

It must be noted that Eq(2.2.8) is written in the lowest orda#tin Actually, the &ect of the per-
turbation is nonlinear since when the parameter changes the entire trajfdfoeysystem changes.
Hence, the @ect on the LLE can be quite®erent from that given by Eq(2.2.8) due to thigeet of
the higher nonlinear terms. In many cases the enhancement in the Lyagpunent turns out to
be substantially higher than that expected in the linear approximation.

The procedure used above to enhance chaos and the mixing rate asilpenedi ed to apply to

the case of discrete maps. For maps, the evolution equation Eq(2.2.1) caittbe as

X1 = f(Xi; 1) (2.2.9)

wherex; are the dynamical variables at timeThe evolution of the tangent vectaris given by

Wir1 = (Wer )f (2.2.10)

The control procedure is the same as above. The paramitehanged té + sd* when condition

(2.2.5) is satis ed. To decide the signwe can write Eq(2.2.10) in matrix form as

Wit = MW, (2.2.11)

whereMT = r f. The equation for the norm & is

kW1 K= W MT MW, (2.2.12)



2.3. Enhancing chaos by periodic and quasi-periodic perturbation 30

Thus the rate of change in the normWfdue to change in the parameter is given by

4 kW I KWesa(t +d1) 1 i Kk Wesa(t) K (2.2.13)

W (MTM: + M M)Wt (2.2.14)

where the last step is obtained by expanding to lowest ordé¥ endM: = @1=@* For control
to enhance chaos and rate of mixing, the sigior the parameter changgé must be such that
Mk W1 K2 is positive.

Brie y, one can enhance the average rate of stretching by introducnggdl parameter perturbation
which enhances the LLE whenever the system trajectory visits a regioewieeLLESs take values

much smaller than their average value.

2.3 Enhancing chaos by periodic and quasi-periodic perturbation

Weak periodic perturbation has been used to suppress chaos in dylsysateans. However, Weak
periodic or quasi-periodic perturbation can also be used to induce ahaos-chaotic parameter
ranges of chaotic maps, or to enhance the already existing chaotic sthie pHrturbation is large
enough then the system goes to chaotic state in a easier way.

Transition of periodic state to chaotic attractor under weak periodic pettarbis highly dependent

on the local dynamics. Chaos is more likely to occur near bifurcation poini®erBnt kinds of
bifurcations lead to @erent routes to chaotic transition. Two dimensional chaotic maps can be

expressed under periodic perturbation

f(Xn; Yn; 1) + " cos(2/4!n) (2.3.2)

Xn+1

Yorr = O(%nYm 1)

where" is the amplitude of perturbation andis the frequency of the signal. The perturbed map

with period perturbation can be equivalently described by a sgt@fuations
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Xprwi = F(Xprwij 15 Ypreij 13 1) + " cOS(2aln) (2.3.2)
Yorri = O(Xpntii 15 Ypreij 1 1)
wherei = 1;2;:::;pandn = 0;1;2;::. These p maps are topologically conjugated and exhibit

analogous behaviour. For period doubling bifurcation, transition abgir orbit to chaos depends
on perturbation amplitude and not on perturbation frequency. The lavirgoorbits gets multiplied
by p and gives higher periods whereas higher periodic orbits transits t@ chRapHopf bifurcation
chaotic transition does depend on frequency of perturbation as thelgitn frequency breaks
the frequency locking and hence the periodic state of the dynamical system.

The dynamics becomes more interesting as one applies quasi-periodibatotuto periodic or-
bits. For very weak perturbation low period attractors become quasidgiemo torus attractors.
As the perturbation gets stronger torus attractors goes through fratitedizend become strange
non-chaotic attractors (SNA) (11; 12). With perturbation amplitude beirggl#te dynamics of
the system can oscillate between chaotic and SNA which fbrcgntly large amplitude becomes
uniformly chaotic. In period doubling bifurcation SNA undergoes a cresd becomes chaotic
whereas for Hopf bifurcation there is a direct transition from SNA to thaatractor without any
crisis. Quasi-periodic perturbation enacts band merging of separatéicch#tractor and hence

generating robust chaos.

2.4 Enhancing chaos via time delay feedback

A a natural yet nontrivial question for anti-control of chaos is whetiter can make an arbitrarily
given system chaotic or enhance the existing chaos of a chaotic systesinigysmall controls. A
positive answer can be given by showing that any given discrete-titbe@mous system of nite
dimensionality, which can even be originally stable provided that it has adealuacobian, can be

driven to be chaotic by using small-amplitude state feedback controls (L3ddwever this @ec-
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tive anti-control method utilizes a full state feedback control, which may aatdsirable in some
applications. Therefore, one may sometimes resort to ndi®gint methodologies as stated ear-
lier.

A system with time delay is inherently in nite dimensional, so it is known to be able ¢alyce
complicated dynamics such as bifurcation and chaos, even in a very singplerder system. In
particular, chaotic behaviors are observed to exist in some de®gratitial equations due to their
associated @erence equations (15; 16). As a generalization one can approximaienstep
between an nth-order stable linea®diential equation with a time-delay feedback and a suitable
discrete map. This, in turn, suggests a small-amplitude time-delay feedbacldrfathaati-control

of chaos in an nth-order stable linear or nonline&@edential equation.

We consider an nth-order single-input single-output (SISO) linear tiveriant (LTI) system de-

scribed by the following dderential equation:
YO (1) + @y 1y D(t) + 121+ @y M(t) + @oy(t) = Tou(t) (2.4.1)

whereu(t) andy(t) are the input and output of the system, respecti\f@lbqi:é and o are constatnts
with & o, 0. The uncontrolled system (2.4.1) , witt) = O therein, is therefore stable in the

sense that(t)! Oast!1l ,where

time delay feedback can be designed of the form
u(t) = w(y(ti ¢)) (2.4.2)
wherew is a continuous function angl> 0 is the delay time, satisfying

ju()j 6 "; 8t>0 (2.4.3)
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for a prespeci ed amplitudé > 0, such that the outpy{t) of the system is chaotic in a rigorous
mathematical sense.

Eq(2.4.1) can be recast in the following n-dimensional state-space form:
z=A.z+ obeu (2.4.4)
whereA. andb; are in the controllable canonical form, namely,

0 1 0 ¢¢c¢ O
0 0 1 ¢¢¢ O

0 0 0 ¢¢c¢ 1 '
P& i® [® CCC Gy

be

Clearly, the functional form for the map w is not unigue. One simple choice is

u(t) = wy(ti ¢)) =" siny(ti ¢)) (2.4.5)

which satis es the requirement (2.4.3) . If the map

Vi1 = a‘jw(yk) = "o Sin@4y) (2.4.6)

is chaotic, then we may expect that the time-delay feedback Eq.(2.4.5) cantheatutput y(t) of

system (2.4.1) chaotic provided that the delay time #is@ently large and g = aﬁ.
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For any xed nonzero value dfp , the origin is a globally asymptotically stable xed point of this
map, if 0< ¥ <" . As%increases and passes through the vallig othe map (2.4.6) has one pair
of nonzero conjugate, locally asymptotically stable, xed points:> 0 andy’ = y* < 0. As¥%
continues to increase, each nonzero xed point undergoes a @astpdriod-doubling bifurcations
leading to chaos. With an even further increase of the bifurcation paraxadte ¥, each chaotic
attractor increases in size. Finally, at a critical value i{)“ the two chaotic attractors merge into

one, still chaotic but with an almost unchanged size proportiong.to

2.4.1 Enhancing chaos in stable nonlinear system

Let us consider a nonlinear SISO continuous-time synamical system adrthe f

Y = Aly) + Aly)u (2.4.7)

whereA andA are smooth nonlinear functions p&= [y;y;:: 1y D]T | Lety = Ois an asymptot-
ically stable xed point of the uncontrolled system [witit) = O therein] andA(0), 0. There are

two ways to transfer this system into a linear system of the form (2.4.1).

Approximate linearization approach

A typical way of system linearization is approximate linearization. Supposethibamaximum
amplitude of the control input(t) of system (2.4.7) i§ > 0. Since the system is stable about its
zero xed point by assumption, for a siciently small”, there exists a small neighborhoodf the
origin such that ify(0) is in  theny(t) stays in forever. In this small neighborhood, Eq.(2.4.7)

can be represented by its linearization, evaluated at the origin, as follows:
Y+ @y 1y D + 11+ @y + @y = Aou(t) (2.4.8)

where
= 1 @—6/)

® N0

y=0,1=0;1;::55nj 1
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It follows from the analysis of the last section that the small amplitude time-de&dbick

u(t) = wy(ti ¢)) =" sin(y(ti ¢)) (2.4.9)
can makey(t) chaotic within the bounded region .

Exact linearization approach

Another method for system linearization is the feedback exact linearizatthe controller be

1

Uzm

GAY) i “my™Vicee iy coy+ (D) (2.4.10)
wheref°ig"=i01 aren constants witlf g, 0, such that
S+ s+ ¢ s+ (2.4.11)
is a Hurwitz stable polynomial. Then Eq.(2.4.7) becomes
YW+ oy D ¢ e ey + oy = w() (2.4.12)

which is in the same form as (2.4.1). Therefore, controller (2.4.11) wii}h= " sinGa(t; ¢)) can
make system (2.4.7) chaaotic.

Clearly, controller (2.4.11) actually cancels the nonlinearity of the origipstesn and renders it
linear. As it stands, the controller is more complicated than the given systeieh igtphysically
impractical in most cases. However,the main purpose is simply to reformatéegistem into an
appropriate form by this “controller' and then to create chaos by usingriteedelayed feedback
controller v(t) in the suitable form. Therefore, if we consider then (2.4.11) as a coordinate
transform rather than a controller, while the controlleristhen this approach is reasonable for

anti-control of chaos.
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2.5 Discussion

In applications of feedback control schemes it is generally necessangasure the system state
variables, thereby generating a control signal that is then applied to th& sigan accessible sys-
tem parameter. In practice, it is relativelyxdiult to implement this class of schemes to some
high-speed systems such as chaotic circuits and fast optoelectricahsy&empared to feedback
control techniques for inducing and enhancing chaotic behavior diream systems of small time
scales, nonfeedback methods have the advantages of speed antityexifurthermore, on-line
monitoring and processing are not required. Of course, in order t@pptopriate signals for con-
trol, the nature of the system dynamics must be understood a priori. Thésofleentrol approaches
is suitable for cases in which no real-time data or only highly limited measuremetits sfstem
state are available. A number of studies on nonfeedback anticontrolaokdiave been carried
out with various control signals, for example, constant perturbatiorisi@) , weak noise signals
(19; 20) , and weak periodic perturbations (21; 23) . A few studies h#so demonstrated the dual
function of suppressing and inducing chaos with applications of weatdieperturbations to the
nonlinear dynamic systems (24; 25).

The non-feedback methods proposed in literature used control sigatlsithbeen assigned some-
what intuitively or arbitrarily rather than sought out based on optimizatighesignal parameters.
In the case of using a periodic perturbation as the control signal, witheéljedncy xed a priori,
the amplitude for achieving the control goal can be found by simply varyingite within a range.
The signal determined in this manner is not optimal in any sense. Additionally, falti param-
eter control signal, the method for determining the proper combination of thengter values is a
problem. The approach used in nding a signal able to warlciently in achieving a preset control
target seems signi cant.

Power consumption for chaoti cation of non-chaotic orbits can be optimizedabious methods
(26). In use of periodic signals of high harmonics, the power of the optahsignal is not nec-
essarily reduced with an increasing number of harmonic modes, while usasi-periodic signals

of multiple incommensurable frequencies has the trend of reducing sigwak path an increase
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in the number of the modes. However, the Genetic Algorithm-optimized signalsvailode are
favorable for their simplicity and@ectiveness.

Although the dRerences are within one order of magnitude, the power of a quasi-pesigphial
needed to reach the control goal is generally lower than a periodic onghegittame number of
modes.

To destabilize an ordered xed-point or periodic state, the power redur chaoti cation varies
relatively slowly at comparatively lower LLEs but increases drasticallyhaspreset value of the
target LLE reaches a certain critical value. In the case of enhancirgh#wicity of a chaotic state,
required control power increases as preset target LLE increldsdéike that for triggering chaos in
ordered states however, here is no obvious slow-varying regioragpgen the correlation of min-
imum power versus target LLE. Performing chaoti cation with GA-optimizedlwperturbations
demonstrates that further enhancing the chaoticity of a chaotic state neeglsontrol power than

triggering chaos in an ordered state, either xed-point or periodic state.
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Chapter 3

Control end enhancement of chaos

through memory dependent feedback

Chaos is omnipresent in nature. For a nonlinear system of more than tweedeyf freedom, it is
chaotic whenever its evolution sensitively depends on the initial conditiomshdvhatically, there
must be an in nite number of unstable periodic orbits embedded in the undgdjiaotic set and
the dynamics in the chaotic attractor is ergodic. Physically, chaos can be fowmonlinear optics
(laser), chemistry (Belouzov-Zhabotinski reaction), electronics é&Matsumoto circuit), uid dy-
namics (Rayleigh-Bnard convention), meteorology, solar system, and the heart and blain®
organisms. As chaos is intrinsically unpredictable and its trajectories diwxgonentially in the
course of time evolution, controlling chaos is apparently of great intengsinaportance. Ott, Gre-
bogi and Yorke (1) proposed a successful technique to controtllovensional chaos. The basic
idea is to take advantage of the sensitivity to small disturbances of chadieors/t stabilize the
system in the neighborhood of a desirable unstable periodic orbit natarabgdded in the chaotic
motion. Pyragas (2) proposed a moteaent method which makes use of a time-delayed feedback
to some dynamical variables of the system. Control of spatiotemporal chpastial diRerential
equations was also considered (3; 4). As an alternative method of Laritams synchronization

was pioneered by Pecora and Carroll (5). The theory and applicdtaiaotic synchronization has
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been extensively studied (6) in various research directions, for icestatectronic circuits, laser ex-
periment, secure communication, biological and chemical systems, shdckieg{7), and wake
turbulence (8). Synchronous stability was studied by Pecora andlid@)rand Yang et al. (10).
The stability of the synchronous state can be understood from the eigerdiatribution of the
coupling matrix of a nonlinear system.

As opposed to the mainstream of controlling or eliminating chaos in dynamigahsysanti-control

of chaos, which means creating chaos when it is bene cial, has alsotattreame growing inter-
est. This is due to some desirable features of chaos in some timer andrgy-critical applications
where chaos can provide a system designer with a variety of spec@@nties, richness of exi-
bility, and a cornucopia of opportunities. Recent studies have showrhhat can be used for a
variety of applications such as information transmission with high poweiency (11), generating
truly random numbers (12; 13), and novel spread spectrum (14widte bandwidth (15; 16), and
optical (17) communication schemes. Examples also include liquid mixing, huraamamd heart-
beat regulations (18; 19). It is expected that chaos research inesmigig will eventually reach the
point where it will lead to improved and re ned design procedures, kmglb designer to design a
system to be either chaotic or nonchaotic at will.

Numerous methods have been suggested to control and enhance ttimsgymamical systems.
OGY method is one of the most popular methods to control chaos. Howevenditliod has some
drawbacks as it deals with the Poinganap. The method can stabilize only those periodic orbits
whose maximal Lyapunov exponent is small compared to the reciprocakdfniie interval be-
tween parameter changes. A mof@eetive method of time continuous control was suggested later
by Pyragas. Pyragas suggested two alternative methods of chaadl.cQiitaotic systems can be
stabilized to a periodic orbit by the application of small additive externakdriys an alternative
method it was suggested that this external drive can also be taken ay &edelback.

Here we present an®erent method for chaos control. In general delay feedback dementise
di®erence in state variable in®@#rent times. It is applied with some external coupling. We show

this delay can also be memory dependent to control chaos.
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Poincaeé maps and stroboscopic maps are quite useful tool to analyse chaaos.i€hassible only

in systems which have dimensions more than two. However stroboscopic maambles us to
make a time slice of equal interval and thgeetive system is a discrete time dynamical system of
lower dimension. This low dimensional discrete systems retains the main aspeta®tic dynam-

ics and are easier to analyse. For this reason analysis of this discrete tia@idsl systems or
maps are very important in the study of nonlinear dynamics.

In the fourth chapter we discuss th@eet of memory dependent feedback in one dimensional
guadratic maps. In discrete system delay feedback is translated asmestepy dependent feed-
back. We are interested in one step memory dependent feedback asrengpaerated by strobo-
scopic mapping and the step width can be adjusted by estimation of return timesyfsteen. In
the fourth chapter we show the change of dynamics in logistic map with the applicd memory
dependent modulation of the system paramet&he system not only becomes periodic for a larger
range of the system parameter it also depicts richer dynamical struc@nisss and period incre-
menting bifurcation are among the new features in the bifurcation diagramriéddpee window
emerge through intermittent transition which lead to non-standard type-| intemuoyitteith expo-
nent O [in stead of the standard exponeé]

In chapter ve we look into the interplay of chaotic and periodic dynamics inwvig memory
modulated control. Under memory modulation one dimensional sysiectigely behave as a two
dimensional one. We take logistic map again as our model system but coetidtem such that
one part of the dynamics always remain chaotic; the other part move feaodgr to chaotic state.
The most interesting dynamics of this system is period adding bifurcation. s€higario is also
di®erent from border collision dynamics which is very common underlying ohyos for period
adding bifurcation. We show an elaborate analysis to explain period addirgation and a a uni-
versal period adding exponehis calculated for quadratic map. We apply the negative algorithm to
the system to show that the same formulation with positive feedback cananbla@os to a great

extent.



BIBLIOGRAPHY 43

We move to higher dimensional discrete system in chapter Six. In ecologe dne some
species whose population goes from generation to generation, for Eaggpsy moths or any of
many other species of insects. These topics are usually modelle®bredce equations, iteration
map or discrete dynamical systems. Instead of looking to stroboscopic rhjgher dimensional
chaotic systems we take the discrete version of famous Lotka-Volterrdgtigpumodel. We exam-
ined the xed point dynamics and bifurcations of this dynamical system arestigate the®ect of
memory dependent feedback on it. The system undergoes Neimar&rS®sfciccation, fold bifur-
cation and ip bifurcation as dierent stability relation is satis ed between the system parameters.
Interestingly we nd such memory dependent feedback can lead to padididg dynamics also in
two dimensions. Further investigation con rms our speculation that interglelyamns with periodic
dynamics leads to period incrementing bifurcation.

As a natural progress we move from two dimensional discrete dynamisimsyg to three dimen-
sional continuous time system. In chapter seven we analyse the system witlotitmeious delay
feedback. Keeping analogy with memory dependent feedback we modifyatiameter with mem-
ory dependent continuous time delay. We rst apply it to damped harmoniltaier and show that
the damped oscillator can be modi ed to a limit cycle with memory delay feedback. Ikyole
only occurs for some discrete values of delay. Tkisaive method is applied to three dimensional
rossler system and we analyse and predict the values of the delay reetlediformation of limit

cycle.
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Chapter 4

The phase—modulated logistic map

4.1 Introduction

Chaos control has been an ongoing theme of research in nonlineaniggreince the early 1990's
(1) when it was realized that small parametric perturbations could stabilizedjeorbits embed-
ded within chaotic attractors. The sensitivity to initial conditions that is chaiatiteof chaotic
dynamics can, depending on the circumstance, be either wanted or asirahiedynamical fea-
ture. Thus both theoretical and practical considerations have bgemsaile for the interest in the
area, resulting in a large body of work orgdrent methods for ensuring a desired (usually periodic
or stable) motion in a nonlinear dynamical system. A variety of techniquesb®am employed,
many of which have been realized in practical applications; several e th&ve been reviewed in
detalil (2).

One of the most powerful methods for chaos control is through feed&tabidization (3). It
is widely recognized that feedback, as a general principle, istariesit means of ensuring stable
behaviour; this has been widely used (4; 5). (Linear feedback systamesalso been studied in
the context of dynamical systems theory (6).) Another common techniqueirolling chaotic
motion is by modulation of the system parameters: by judiciously varying paresnétes often

possible to drive a nonlinear system into a desired dynamical state (2).

45



4.1. Introduction 46

By combining both delayed feedback and parametric modulation it is possibéviged/ersa-
tile methods for chaos control and in the present paper we study a sim@mabal system wherein
both these aspects are included. This is the logistic map where the nonlineasitygier is modu-

lated by linear feedback,

Xnr1 = (®+" sgNfn; 17 Xn))Xn(Li Xn): (4.1.1)

The quantityA= sgnn 1i X»), termed an instantaneous phase (7), has been used in previous work
to detect order within chaotic dynamics (7; 8; 9). The use of time—delaythbagell-known ®ect
of increasing the dimensionality of the problem. Thus, the above driveandigal system can be

rewritten as a two—dimensional map,

X1 = (®+"sgnfni X ))Xa(li Xn) (4.1.2)

Ynt1 = Xn, (4.1.3)

although, as we argue in Section 4.2 below, the dynamic®estevely 1-dimensional, and the

system can be more easily studied as the mapping(s)

X1 = f5(Xn) © (®8 ")xn(1i Xn) (4.1.4)

with f, or f; being chosen dynamically, namely in a history—dependent manner. This riieke
dynamicsnon Abeliansincef.(f; (x)) , f; (f+(X)) for nonzerd'.

This non—Abelian character gives rise to novel dynamical behavioishighdescribed in detail
in Section 4.3 of this paper. In the following Section 4.2, we rst discuss thdah@nd argue that
analysis in terms of 1-dimensional maps can adequately explain @eedit dynamical regimes.
We obtain a phase diagram of the system under variation of the para®eateds; its main features
can be understood through a generalization of the kneading theoryifoodal maps developed

by Metropolis, Stein and Stein (MSS) (10). This theory, which takes intowdditinerary shifts
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between map$. andf; , is presented in Section 4.4. Because of the history dependent nathee of
dynamics, the intermittency found near speci ¢ tangent bifurcations exhibitstandard scaling
exponents, the origin of which lies in the details of the dynamics (11), assdisdun Section 4.4.
One additional motivation for studying the speci ¢ form of modulation whiclitskes the non-
linearity parameter between®krent values is that it can be implemented quite easily using digital
outputs (6; 12). In the concluding Section 4.5 we outline a simple circuit-bagaetimental real-
ization of the proposed feedback modulation. There have been relatied stdies of the logistic
map where similar parametric modulation has been studied both for periodit3}ldnd stochastic
(13) drives, although without feedback or delay. The analysis usesldould nd application for
other similar forms of driving, and we conclude this paper with a discussidrsammary of our

results.

4.2 Phase—diagram under modulation

We examine the behaviour of typical orbits of Eqgs. (4.1.2-4.1.3) as a funcfithhe parameters. The
dynamics for the case df = 0, when the system reduces to the unmodulated logistic map is well
understood. For small, the nonlinearity parameter undergoes slight variation, and the dynamics
can be either periodic or chaotic, depending on the param®tansl". The motion is con ned to
the unit square, but since the Jacobian corresponding to Egs. (4113344 singular, the resulting
orbits are further constrained. For all orbits with period, there is an eigenvalue which is zero;
thus they are either a set of points (when the orbit is periodic), or lienendimensionaturves in
the (x;y) plane when the orbit is chaotic. This feature of the motion, which is partituldee form
of modulation that we have considered here, allows for considerable sirafidirtin the analysis.

In order to get a global view of the dynamics of the modulated system, we dhtajshase—
diagram of the d®erent dynamical regimes as a function of 3® - 4, and for" > 0. In a single

logistic map, the motion can become unbounded when the nonlinearity par&®estezeds 4, and



4.2. Phase—diagram under modulation 48

in order to focus on dynamics that remains globally bounded, we resca(é )&s
Xne1 = [®F (47 ®)"sgnfni1i Xn)IXn(L1i Xn); (4.2.1)

and examine the parameter regime 0'° - 1. The dynamics can be bounded even'foe 1,
depending on the value & but we do not consider this region here. The case of nedatialso
not studied here since this latter system has additional features thatreexoent on initial state
sensitivity; this will be discussed elsewhere.
Of the two Lyapunov exponents, one is zero, while the other is given by
1 X @41 .

, = ’\Illlgn N Inj & j: (4.2.2)

i=1

Shown in Fig. 4.1 are regions in th®;(") plane where the motion is periodic or chaotic. The re-
gions of stability in Fig. 4.1 have the characteristic and canonical shamsvailows” or “shrimps”
for two—parameter maps as has been discussed earlier (15; 16; EQrdgemization of such stable
regions is around superstable orbits (17) as will be discussed in theewtidn.

The magnetization (7; 8) is the average phase along the trajectory,

XN

© sgnfi; 1i %); (4.2.3)

= &
' i=1

which, in the present case, is also the averaged, scaled driving. Uaigity, which has been
examined in a number of recent studies (7; 8), has been shown to pedi®erent measure of
detecting ordering in chaotic dynamics (7; 9). Togetheand© provide a classi cation of the
di®erent types of motion in nonlinear dynamical systems (7; 18). Fig. 4.2 dspiheeyd®erent

phases, namely regions where the magnetization takes distinct values. &tdte geriodic motion

of period M or for chaotic motion inM bands, the magnetization takes val@s K=M, where

K(< M) depends on the itinerary of the orbit.

Along the axis'® = 0, the system degenerates to the single logistic mapping®x(1j x)
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Figure 4.1: Regions of chaotic dynamics (white) and periodic motion (black)a®; "™ plane.
The system reduces to the single logistic map on the"lfrre 0. There can be stable motion for
particular®above"? = 1 but we do not consider this here.
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f(x), for which the entire phenomenology, both qualitative and quantitatieeyeny well known

(19). We recall some of the main features that are of relevance in the matisjestem.

2 The cascade of period—doubling bifurcations accumulat@s at3:569946. : ..

2 A band-merging crisis occurs @, = 3:678857:, when there is a transition from a two—band

attractor to a single—band chaotic attractor. This occurs when

1 1
Gy=1; =
f (2) 1 ® (4.2.4)

namely when the unstable period—1 orbit coincides with the third iterate of thenaamum,

and signi es the end of the inverse period—doubling cascade.

2 All the purely odd periods occur in the ran@ < ® - ®& ~ p§ + 1, the period—3 orbit
being created at the tangent bifurcation that occur®.aBelow @, the periodic windows

have periods of the fork= m¢21j = 1;2::.

2 |n each periodic window of periokl there is a superstable orbit, namely one where the map
maximum is an element:

1. 1
®eZy= =
f (2) >

The itineraries of the superstable periodic orbits can be described syailyolfrough the
U-sequences (10), which encodes the iterates of the map maximum falling aghh(R) or

left (L) of the maximum.

2 Below ® = ®;, the magnetizatio® is zero while aboveg},, in each periodic window of
period k the magnetization takes a value that is an integral muItipIé.oﬂ'he fractional
nature of the magnetization is unrelated to the nature of the dynamics (whidieadraotic
or periodic), but relates to the geometry of the attractor, the number of diséinds on which

the dynamics occurs and the order in which they are visited.

With modulation, many of the above features are preserved, at leagh@r'S. Thus periodic

windows continue into the phase plane T8> 0, although as can be seen in Fig. 4.1, there are



Figure 4.2: The magnetizati@in di®erent regions of the phase plane. When the motion is periodic
with periodk or in k bands, the magnetization takes the vajde Regions with dRerent values of

k are coloured distinctly.

many mergings of the periodic windows, as well as the creation of entirelyegimes of stability.

Most notable (see Fig. 4.2) is the creation of a large stable zone of perasdafso, in comparison

= 0, large zones of other odd periods.

to the width of the periodic windows &f

Thus one major ®ect of the modulation appears to be gtabilizationof periodic dynamics.

Application of an appropriate amplitude of modulation can stabilize any deseeddp(within a

range), and thus this is a technique for the control of chaos. Our ibteges however, extends to

the actual nature of the dynamics and the bifurcations that occur in thersyBtese are discussed

in Section 4.3.4.
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4.2.1 One—dimensional analysis

Since one eigenvalue of the Jacobian is always zero, it is possible tsarhb/ present system in

terms of the theory of 1-d unimodal maps. Note that each orbit of Eg. (1),

O Xo; X3 X5 113X 00t (4.2.5)

can be additionally characterised by the “sign-sequence’, namely therssxjof the signss( of
the modulation,

S:sSuSiinSi S =sgnfii1i %) (4.2.6)

A periodic orbit will necessarily have a periodic sign sequence. Theespondence is not 1-1:

many diRerent orbits could have the same sign sequence, and chaotic orbits chaedsperiodic

sign sequences. Not all sign sequences will be permitted since thé mamimodal (see below).
Keeping in mind the limit' ! 0, where the symbolic dynamics for all orbits is well known, it

is useful to consider the present system as @extve “1-dimensional” mapping

X1 = f5(Xn); (4.2.7)

with the functionsf, (x) = (®+")x(1i x) or f; (X) = (®; ")x(1; X) chosen according to the permitted
sign-sequence. The advantage of using this 1-dimensional descripttwat the allowed periodic
orbits of the dynamical system, Eqg. (1) can be well understood andatberzd by extending the
kneading theory for unimodal maps (10) to take into account the switchimgeba the two d@erent

logistic maps. This is discussed in the next section.

4.3 Periodic Orbits and Crises

When the dynamics is governed by a single niap pointx is said to belong to a periodic orbit or
cycle of periodk if
f0(x) = x: (4.3.1)
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In the present system, this needs to be generalized since thefmaps f. are applied in a

history dependent manner. Thus a periodic orbit of pekigddetermined by the condition
18600 T5(f82,09) = x (4.3.2)

where 5 is either+ or -, and the sequencgs;:::sc corresponds to &alid or permittedsign
sequence, namely a dynamically consistent sequence of the fap$e orbit is stable if, for a
neighbourhood ok;, the condition

f;’()q)i 1 (4.3.3)
1

- ||I_7|$|I

is satis ed.

One class of valid itineraries can be deduced from the MSS (10) sesmiedong the line
"0=0, the system reduces to a single logistic mapping, and the sequence dfgeriits that occur
can be completely described. For unimodal maps, periodic orbits where fhenasdmum is an
element of the cycle can be symbolically coded by whether iterates fall to th@ )Jedr right (R)
of the maximal point (C). MSS described how to construct the symbolic itiperaany periodic
orbits lying between any other pair of periodic orbits by a simple algebraicegore (10). An
extension of this algebra which takes into account the dynamical alternatiaeén the map$
and f, is applicable here. As can be seen from Fig. 1, periodic dynamics on th&lné carries
over for nonzero (but small)®. To use the MSS procedure here, it should be recognsied that since
the dynamics uses@®@erent maps based on the itinerary, the symbols R, L and C carry subscripts
or - to denote which of the maps is used to determine the subsedymarnics. Thus, the period—3
orbit, which has the U-sequence

RL (4.3.9)

on the line"®= 0 now necessarily becomes
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For a single unimodal map, there are distinct period—-5 orbits with MSS segsi®LR and RI°R
respectively. These generalize to L+ R; R, and GR; L+L; R; . Listed in Table | are all possible
U-sequences that can exist for periodic orbits with period less than $batthese two period—5
orbits (cf. the Table in Ref. (10) Appendix). Similiar kind of constructioas e carried out
for higher period orbits with additional rules governing permitted symbol (R, valid sign
sequences (20).

In addition to the generalizations of the MSS sequences, new sequencesdpossible which
do not arise in the unimodal system. Such “non-MSS” periodic orbits Hbtul@not extend from

the"%= 0 line and can therefore be identi ed easily from Fig. 4.1. We discuss theésg below.

4.3.1 Superstable and doubly superstable orbits

An orbit of periodk is termedsuperstabldf (cf. Eq. (4.3.3))! = 0 and corresponds to parameter
values ®; "9 for which the critical point of the map belongs to the orbit. In the presestesy, the
critical point of eitherf; or f. being part of the cycle makes the orbit superstable. This imposes
one constraint, and thus the condition for superstability is met along a line jhaodmension 1)

in the ®"9 parameter plane. Such lines are dendﬁ%‘din Fig. 4.3, the subscript indexing the
several dRerent such orbits that can occur. It can happen that the critical pbbtth maps are
elements of the cycle, in which case we term the aibiibly superstabléDSS). Such orbits occur

at isolated points (of codimension 2) in the phase plane, and play a crolgahrdetermining the
nature of the MSS and non MSS sequences that occur in this system.

This is most easily illustrated by the example of period 5 orbits.

4.3.2 Example: Orbits of periodk = 5

The logistic map has 3 MSS itineraries for period 5 orbits &edént values ofe. These are,

respectively RLR, RL?R and RL.
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periodic orbits are shown: some of these have been described in theddrtEable II. A few DSS
points are also indicated, as are the crisis Iirfeandl |5
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Figure 4.4: (a) Locus of points in the parameter plane relevant to the périmtbits, nameIWIjS,
j = 1,3,N2, k=1;2D° andJ, J2. (b) The orbit diagram for the doubly superstable period 5
orbit, showing the itinerary of points and the hopping between the two rhagsd f; .

In the modulated system these become (see Fig. 4.4(a))

My
5
M2

5
M3

C.R LR R,
C.R L:L; R

C.R;LiL; L

(4.3.6)
(4.3.7)

(4.3.8)

and they start on the lower boundary of the phase plane, namé® & With increasing'®, the

locus ofM? andM3 move toward each other (as a functior@f*) and merge at (3.52,0.58), giving

rise to a DSS orbit (Fig. 4.4(b)) with itinerary

D°: C:R; L+C, R, C,:

(4.3.9)

In e@ect, the DSS orbit is created when the fourth iterates gfr@mely R in M2 or L; in M3

move gradually to the left and right respectively, until the points coincid at
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Non-MSS sequences are created out of the DSS ity the reverse process, namely by per-

mitting the G. element to go either to the right or the left, thereby making the itineraries (Fig)$.4

N> : LR L+C,R, ~ C/R/LiR L+ (4.3.10)

N> : R:RL:C;R ~ C R R.R L+ (4.3.11)

Note that both these would be forbidden in a single unimodal map (in MSS nqtéteynare RLRL
and FL).

For the DSS pointD5, we observe that
C! R! G (4.3.12)

which gives the condition

1 1
(G =5 (4.3.13)
which is satis ed along thgoining line, Jiz. A family of DSS points (see Fig. 4.3) occur at the
intersections of this and Iineﬁ which connect € and G in k steps, as for instanck,

C.! R! Ls! C

(4.3.14)

which is speci ed by

: (4.3.15)

NI =

1
fe (f; (f+(§))) =
DSS points of ordem+ k occur at intersections of eithdf andJ" lines (see Fig. 4.3 for the point

DS) or J"and J¥.

4.3.3 Crisis lines

The band—merging crisis in the logistic map occurs when the third iterate of themagjnum

coincides with the unstable period—1 xed point; see Eq. (4.2.4). Since tpe fpand f, are used
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in a history dependent manner for nonz&?athis generalizes to

o (F (f+(%))) -1, % (4.3.16)

and this condition is satis ed along the line denotk—?din the ®;"0) plane; see Fig. 4.3. (The
subscript - is indicative of the fact that the third iterate of the maximum coiscidth the xed
point of the mapf; , and the lettel denotes that this is an interior crisis line). In an analogous
manner, one can have other crisis lines, say whemthéterate of the map maximum coincides
with the period—1 xed point of the maf ,

1
§ 1 s (5 =1 o5 (4.3.17)

st :::sp being a valid sign sequence as discussed earlier.
The crisis lines and the DSS points, along with the MSS and non MSS orbiteinegthe
dynamical behaviour of this system. Table Il lists (the lowest order) lingddha the skeleton of

the pattern present in the parameter space.

4.3.4 Period incrementing bifurcations

At xed ® when"%increases, the nonlinearity parameter in the mamamely®+ ", increases,
while that in f; decreases. These can lead to competi®gcts of stabilization througlf, and
destabilization througti.. Chaotic motion can only occur ®+ " exceedsg.= 3.569946. .. (the
lower left region of stability in Fig. 4.1 is de ned b®+ " - &) but whether the dynamics is stable
or unstable will depend crucially on the history of a given orbit. In thegmesystem we have not
observed any dependence of the asymptotic dynamics on the initial conditions

An expanded view of the regionB- ® - 3:7,0 - "% . 0:6is shown in Fig. 4.5. The
prominent feature of this region of the phase diagram is the merging offieviitndows at nonzero
"0 At these window mergings, there iariod incrementindpifurcation: the windows that merge

correspond to periodsj 1 andp, wherepis odd. Since all odd periods in the logistic map (hamely
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Figure 4.5: Period incrementing-bifurcations (a) Expanded view of iqmoof Fig. 4.1 showing the
merging of periodic windows that cause period incrementing bifurcatid®ifurcation diagram
for period 10 to 11 bifurcation (region inside the box in (a)) and (c) Blgvofithe region inside the
box in (b) showing the period incrementing phenomena.
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on the line"%= 0) can occur only to the right @, and even periods which are of the forfi @j
can occur only to the left, the respective windows in the modulated systemaigdo the right and
left of ®,,. The merging of these periodic windows occurs, as can be seen, alogdis Iineli3.
In each of the windows, there are superstable orbits and for theserwerita the condition for the

period incrementing bifurcation as the simultaneous occurrence of

fo (1, (f+(%))) -1 % (4.3.18)

and

o Ly_1
Pe5)= 5 (4.3.19)
where the valid sign sequence is such tiagss © +i +. At the merging of the period 6 and period
7 orbits, for instance, the respective orbit itineraries are

C:R L+R;R:R, and GR, L:+R R R:R: (4.3.20)

|

In Table Il the extended MSS sequence for orbits in a period—increngebifurcation are listed.
This is for the main families of windows (with periods less than or equal to 9ntleage along the
line Ii3. There are many families of period incrementing bifurcations, all of whicduoalong the
lines|™ for di®erentm, Ii3 andli5 are indicated on Fig. 4.3. At the merging of the permpandp+ 1

windows on the crisis Iindaim, the superstable orbit has the condition
@m . 1 _1
fsmll:::sp(ll W) =5 (4.3.21)

The reverse bifurcation, where the period decreases by one, caocalsr, and does so by the
reverse of the above mechanism. It should be mentioned that this bifurcé&ers from period—
adding (21) as well as from the border—collision bifurcation (22). Inldteer case, there is a
transition from periodp to periodm, all points of the periodic orbits collapsing onto an stable

periodic point at the border (22). The period incrementing (or decrénggrbifurcation islocally
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Figure 4.6: Log-log plot of'i versusr. The straight line passing through the data has sjope
0.08.

similar to border—collision in that two elements of the periodic orbit become tbregge—versa),

R R:! R R R,

4.4 Intermittency

Here we examine the characteristics of the intermittent dynamics that is othsertlds model.
As has been noted already, compositions of the maps are non—-Abeliarfsifide)) , f; (f+(X))
and this can give rise to nonstandard dynamical behaviour. We studynipentabifurcation that
gives rise to the period 5 orbit @=3.25 though our observations hold for other ranges of parameter
values as well.

At ®= 3.25, one regime of intermittent motion occurs f8just below"? ¥,0:8225: : : : while
above"?, there is a period-5 cycle. A characteristic of any intermittent dynamics iscdlang
behaviour of the average length of the laminar regiopmamely

.1
hi» | (4.4.1)
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wherer © ("2; "9 is the parametric distance from the tangent bifurcation. For the stangipedl T
intermittency (23) the exponept= %
For the present system we nd that the average length of the laminar rdgemsnot vary with

r, and instead (see Fig. 4.6) follows the law

hi/ rll; 1o (4.4.2)
Such lack of sensitivity to the tangent bifurcation is unexpected, espesialtg the return map
for the dynamics appears to have the canonical Type-I form in the n@igbbd of the tangency,

namely

Yn+1 = Y+ PYa® + Or (4.4.3)

wherep andq are constants ang, is the distance ok, from the tangency point. This map can be
viewed as the d@erential equation

%’ =ay +r (4.4.4)

and the length of the laminar region is the number of stepken to cross the bottleneck ngar

0 and is found from

yA z

- = W (4.4.5)
i¢ ay2 Tr
r - r— r—

= a[tani ! $c+ tan 1 ?(t] (4.4.6)

: . 97

If ris sut ciently small andt > 0, with 2 A 1, then
1

T = 19% (4.4.7)

This argument can be generalized to the case of the nonlinear term in.&d.) (eingy3*, when
one obtains / ri (i %),

This reasoning breaks down in the present case due to the nature eft#iledidynamics and




























































































































































